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Abstract 

We survey some features of equivariant instanton partition functions of topological gauge theo- 
ries on four and six dimensional toric Kahler varieties, and their geometric and algebraic coun- 
terparts in the enumerative problem of counting holomorphic curves. We discuss the relations 
of instanton counting to representations of affine Lie algebras in the four-dimensional case, and 
to Donaldson-Thomas theory for ideal sheaves on Calabi-Yau threefolds. For resolutions of toric 
singularities, an algebraic structure induced by a quiver determines the instanton moduli space 
through the McKay correspondence and its generalizations. The correspondence elucidates the 
realization of gauge theory partition functions as quasi-modular forms, and reformulates the 
computation of noncommutative Donaldson-Thomas invariants in terms of the enumeration of 
generalized instantons. New results include a general presentation of the partition functions 
on ALE spaces as affine characters, a rigorous treatment of equivariant partition functions on 
Hirzebruch surfaces, and a putative connection between the special McKay correspondence and 
instanton counting on Hirzebruch- Jung spaces. 
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1 Introduction 



The purpose of this survey is to outline some connections between various topics in mathematical 
physics. Instantons, enumerative invariants associated with holomorphic curves, quivers and the 
McKay correspondence are recurrent themes which arise in different areas of physics and math- 
ematics, but are all common ingredients which enter into the description of the BPS sectors of 
supersymmetric theories. Whether we are talking about field theory or string theory, the study 
of the BPS sector has unveiled an amazing series of insights and surprises. On the physics side, 
the computation of quantities protected from quantum corrections has led to a deeper understand- 
ing of the quantum physics beyond the perturbative regime. Mathematically the computation of 
enumerative invariants, in the guise of quantum correlators, has been rewarded with the discov- 
ery of new structures within algebraic and differential geometry. Thus Donaldson- Witten theory, 
Seiberg-Witten invariants of four manifolds, the relation between Chern-Simons gauge theory and 
knot invariants, mirror symmetry, Gromov- Witten invariants, and the Kontsevich-Soibelman wall- 
crossing formula are currently subjects of intense investigation. 

In this review we will focus on the problem of counting holomorphic curves on toric varieties, 
instantons and Donaldson- Thomas invariants. While these topics are well studied and several 
reviews are already available in the literature (which we indicate throughout this paper), we wish 
to present them from a different angle. The perspective we will take is that all of these topics can 
be understood from constructions of instantons in suitable topological gauge theories, with certain 
variations, via techniques of equivariant localization. We will find that this perspective highlights 
the role played by quivers, and by the McKay correspondence and its generalizations. 

Topological string theory on toric varieties is a prominent model to study Gromov- Witten invariants 
since the toric symmetries make many computations feasible. The enumerative invariants are the 
numbers of worldsheet instantons which wrap holomorphic curves in the ambient toric variety. A 
rather sophisticated mathematical theory allows one to make very precise sense of the notion of 
"counting curves", via the intersection theory of the Deligne-Mumford moduli space of curves. 
This problem has a combinatorial reformulation as the statistical mechanics of a classical melting 
crystal. The underlying mathematical reason is Donaldson-Thomas theory. In physical parlance 
this represents a dual formulation of the curve counting problem. Donaldson-Thomas invariants 
are associated with the intersection theory of the moduli spaces of coherent sheaves on Calabi- 
Yau threefolds. They are naturally related to a higher-dimensional generalization of the four- 
dimensional concept of instanton. This is directly transparent from a D-brane perspective, where 
the Donaldson-Thomas invariants count BPS bound states of D-branes wrapping holomorphic 
cycles in the Calabi-Yau geometry. 

Yet this is only part of the full story. A more complete and beautiful picture has recently emerged. 
It has been known for some time that stable BPS states of D-branes on a Calabi-Yau manifold have 
a rather intricate structure, dictated by Douglas' II-st ability conditions on the derived category of 
coherent sheaves. But only in the last few years has a combination of mathematical and physical 
insight paved the way to high precision computations and direct evaluation of the partition functions 
of BPS states in many cases. Thanks to the work of Denef-Moore |32j on enumeration of black 
hole microstates and of Kontsevich-Soibelman [62] on the mathematics of generalized Donaldson- 
Thomas invariants, the study of BPS physics has intensified into new and exciting directions. 

As we explain more precisely later on, the counting of BPS states is physically encoded in the 
computation of the Witten index 



This index has a hidden dependence on the value of the background Kahler moduli t = B + i J. 
It can "jump" when the Kahler parameters cross real codimension one walls in the moduli space. 
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This is at the core of the wall-crossing behaviour of BPS states: The Kahler moduli space is 
divided into chambers by walls of marginal stability and the index of BPS states is a piecewise 
constant function inside each of the chambers, which however jumps as we cross a wall of marginal 
stability. This means that as a wall is crossed some BPS states may become unstable and decay 
into other states, or novel bound states can form. Therefore the index can jump because the single- 
particle Hilbert space, over which we are taking the trace, can lose or gain a sector. It is only in a 
certain chamber of the Kahler moduli space that the corresponding generating function coincides 
with the Donaldson-Thomas partition function. As we move along the moduli space the partition 
function of BPS states defines different enumerative problems. All of these enumerative problems 
are related by wall crossings, and a formula to account precisely for this phenomenon was proposed 
by Kontsevich-Soibelman in |62j. 

To illustrate the wall crossing phenomenon, let us consider a particular simple decay. Suppose a 
BPS particle with charge 7 decays into two constituents with charges 71 and 72 after crossing a 
wall of marginal stability. Charge conservation implies that 7 = 71 + 72- In particular the same 
relation must hold between the central charges which are linear functions of the charge vectors, 
and one has 

Z( T ,t) = Z(j 1 ;t) + Z( l2 ;t) . (1.2) 

However, conservation of energy implies that at the location of the wall given by t = t ms we have 
(see e.g. pD] for a review) 

\Z{^;t ms )\ = |Z(7i; t ms ) + Z(j 2 ;t ms )\ = \Z(ji;t ms )\ + \Z(j 2 ;t ms )\ . (1.3) 

This implies that at the location of the wall of marginal stability the phases of the two central 
charges ^(71; t) and ^(72; t) align and therefore the equation of the wall is 

W(7i;7 2 ) = {t I Z( 7 i;t) = \Z{ l2 ;t) for some A G M> } . (1.4) 

The problem now is to find the form of the walls of marginal stability for a generic Calabi-Yau three- 
fold and to compute the generating function of stable BPS states in each chamber. This moreover 
hints towards the existence of a generalized enumerative problem counting certain mathematical 
objects that also depend on a stability parameter, which is identified with the physical notion of sta- 
bility. These enumerative invariants should reduce to the ordinary Donaldson-Thomas invariants 
in a certain chamber but allow for walls of marginal stability. Ordinary Donaldson-Thomas in- 
variants are automatically stable since they are represented geometrically by ideal sheaves. There 
are currently far reaching proposals for theories of generalized Donaldson-Thomas invariants by 
Kontsevich-Soibelman [62], Joyce-Song |57j . and a very explicit construction by Nagao-Nakajima 
for certain non-compact threefolds |75| 174] . 

While a solution of the full problem is currently out of reach, there are certain chambers where a 
direct evaluation of the invariants is possible. An example is the case of noncommutative Donaldson- 
Thomas invariants. These quantities still enumerate BPS bound states of D-branes, but defined in 
a certain "non-geometric" chamber. This chamber is called the noncommutative crepant resolution 
chamber. Here the classical notions of geometry break down, and the problem is better described 
in the language of quivers and their representations. It happens that a certain noncommutative 
algebra associated with a quiver, the path algebra, is itself the correct description of the geometry in 
this chamber. Similarly the enumerative problem can be reformulated in terms of the moduli space 
of quiver representations. It is precisely this role played by quivers that allows one to reformulate 
the problem again as an instanton counting problem. In this chamber the concept of instanton 
requires some slightly exotic gauge theory construction, in terms of what we dub a stacky gauge 
theory. 
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This leads to the exploration of how the corresponding enumeration of BPS bound states of D- 
branes is reflected in the more familiar world of four-dimensional gauge theories, but now defined on 
toric varieties. The wrapped D-branes in this case can be regarded as BPS particle states in a four- 
dimensional supersymmetric gauge theory obtained by dimensional reduction over a Calabi-Yau 
threefold. Flop transitions in a toric Calabi-Yau threefold interpolate between instanton partition 
functions on different non-compact toric four-cycles via wall-crossings. The same concepts, i.e. 
quivers, the McKay correspondence and its generalizations, play a prominent role and imply a 
relationship between the instanton counting problem and the enumeration of holomorphic curves 
on complex toric surfaces. Understanding the associated curve counting problems elucidates the 
nonperturbative and geometric nature of supersymmetric gauge theories in four dimensions, partic- 
ularly those which arise by dimensional reduction as low-energy effective field theories in superstring 
compactifications. They moreover serve as toy models for their higher- dimensional counterparts 
wherein the moduli spaces involved are much better behaved and simpler in general, and computa- 
tional progress is much more feasible: By entering this realm we are able to transport a wealth of 
instanton counting techniques in four dimensions over to the six-dimensional cases. The enumera- 
tive problems in four and six dimensions share many common features, and their similarities and 
differences can shed light on each other; for instance, one can in principle study the connections 
of the six-dimensional generating functions with quasi-modular forms from the known modularity 
properties of the instanton partition functions in four dimensions. From a six-dimensional per- 
spective, these gauge theories arise from dimensional reductions of the self-dual tensor field theory 
of M5-branes over punctured Riemann surfaces; in this setting they are expected to be related to 
two-dimensional conformal field theory within the framework of the AGT correspondence [6, 102J, 
which conjectures that their instanton moduli spaces carry natural geometric actions of certain 
affine Lie algebras. 

We have attempted to write this article in a way which we hope is palatable to both mathematicians 
and physicists alike. While we do make extensive use of jargon and concepts from string theory and 
gauge theory, we have attempted to present them in formal mathematical terms with the minimalist 
physical intuition required; likewise, many intricate technical details of the mathematics we present 
have been streamlined for brevity and readability. We consider various explicit examples of the 
general formalism throughout. The next three sections deal exclusively with the geometric problems 
of curve counting and their relations to the enumeration of BPS states of D-branes. In ^2] we look 
at the problem on Calabi-Yau threefolds in the large radius limit and indicate some reasons why 
a gauge theory description will become relevant. Then we consider in ^3] the analogous problems 
in the noncommutative crepant resolution chamber where the D-branes typically probe regions 
near conifold or orbifold singularities in the Calabi-Yau moduli space. This inspires the much 
simpler problem of curve counting on toric surfaces in Q which we relate to instanton counting in 
four-dimensional maximally supersymmetric gauge theory in |5j in particular, we look in detail at 
the example of ALE spaces where the explicit construction of the instanton moduli space is based 
on the McKay quiver, and the gauge theory partition function is related to the representation 
theory of affine Lie algebras through the McKay correspondence. In ^6] we study N = 2 gauge 
theories on resolutions of toric singularities based on the equivariant cohomology of the framed 
instanton moduli spaces; we give a new detailed rigorous analysis in the case of A p ^\ singularities 
and discuss how the cohomology of the instanton moduli space is related to more general affine Lie 
algebra representations. In £j7] we consider the extension of these instanton counting techniques to 
the case of six-dimensional maximally supersymmetric gauge theory, and how singular instanton 
solutions can be used to reproduce Donaldson-Thomas invariants of toric Calabi-Yau threefolds. 
In £j8] we discuss the extension to the problem of computing orbifold Donaldson-Thomas invariants 
by means of instanton solutions on toric Calabi-Yau orbifolds, and discuss how the formalism 
of stacky gauge theory naturally captures the noncommutative Donaldson-Thomas theory of the 
orbifold singularity via the generalized McKay correspondence. Finally, we close in ^9] with a novel 
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putative construction of instantons on generic Hirzebruch-Jung resolutions by generalizing earlier 
constructions using the special McKay correspondence; in particular, we propose how one may 
generalize the ADHM construction to this general class. Although this project is far from complete, 
we highlight the problems which need to be resolved and why it may lead to novel descriptions of 
instantons in terms of representation theoretic aspects of the instanton moduli spaces; in particular, 
it could help elucidate the role of affine algebra representations in this more general context. 

2 Counting curves in Calabi-Yau threefolds 

2. 1 BPS states and Hilbert schemes 

Type IIA string theory compactified on a Calabi-Yau threefold X leads via dimensional reduction 
to a low-energy effective field theory in four dimensions with N = 2 supersymmetry. The BPS 
states are those which preserve half of these supersymmetries. In the large radius approximation 
they are labelled by a charge vector 7 which sits in a lattice V given by 

7 e r = r m er c = (h°(x,z) ®h 2 (x,z)) © (h\x,z) ®h 6 (x,z)) , (2.1) 

which we have separated into electric and magnetic charge sublattices T e and T m . The cohomology 
groups correspond to the individual charges of the Dp-branes wrapping p-cycles of X which form 
the BPS states as 

Dp <—> H 6 - p (X,Z) = H P (X,Z) , p = 0,2,4,6 (2.2) 

where we have used Poincare duality (for non-compact Calabi-Yau manifolds this whole discussion 
needs to be refined using cohomology with compact support). The Dirac-Schwinger-Zwanziger 
intersection product on T is defined by 

<7,7')r= / 7A(-l) dcg/2 7 '. (2.3) 
Jx 

In the large radius limit these BPS states have central charge 

Z x (T,t) = - [ 7 A e"* (2.4) 
Jx 

where t = B+ i J is the Kahler modulus consisting of the background supergravity two- form S-field 
and the Kahler (1, l)-form J of X. 

The single-particle Hilbert space of BPS states is graded into sectors of fixed charge as 

^BPS = (J) ?^BPS • ( 2 - 5 ) 

BPS states have an associated enumerative problem characterized by the Witten index 

ttx(7) = Tr^ Bps (-l) F (2.6) 

which counts BPS states of a given charge 7 (up to a universal contribution associated with the 
centre of mass of the BPS particles); here F is a suitable operator in the isometry group acting 
on one-particle states of charge 7 in the four-dimensional N = 2 supersymmetric gauge theory. 
Ordinary Donaldson-Thomas invariants correspond to a specific choice of the charge vector 7 = 
(1, 0, — j3, n) and are physically interpreted as the number of bound states of D2 and DO branes with 
a single D6-brane. This information is encoded in the Donaldson-Thomas partition function 

Zbps(Q,Q)= E & z fti) with z ffb) = E <T n x(n,/3) , (2.7) 

/3eH 2 (X,Z) nez 
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where Q 13 := ^ ^ Q™ 1 for an expansion (3 = ^ riiSi, with rii G Z, in a basis of two-cycles S% G 
H 2 (X,Z), and Q, = e"* 1 with ij = J g . i. 

The Donaldson-Thomas invariants ^x( n > /?) have a more geometrical definition via the introduction 
of a virtual fundamental class on the moduli space of stable sheaves defined by Thomas in |95j. 
In string theory we are interested in a slightly specialized case of Thomas' construction for ideal 
sheaves. An ideal sheaf X on a Calabi-Yau threefold X is a torsion free sheaf of rank one with trivial 
determinant. The torsion free condition means that X can be embedded in a bundle; we will loosely 
think of X as a "singular bundle" , i.e. an entity which fails to be a holomorphic line bundle only 
on a set of singularities. The triviality of the determinant implies that the double dual of the sheaf 
X is isomorphic to the trivial bundle, i.e. X vv = Ox, and that ci(X) = 0. Note that in general the 
double dual of a sheaf is not the sheaf itself, contrary to what happens for holomorphic bundles. 
Each ideal sheaf X is associated with a subscheme Y of X via the short exact sequence 

> X > O x > O y > , (2.8) 

which means that X is the kernel of the restriction map Ox —> Oy of structure sheaves. In 
Donaldson-Thomas theory we are interested in the moduli space ^^ S (X) of ideal sheaves X 
specified by the topological data 

X(X) = n and ch 2 (X) = -0 . (2.9) 

Because of ( |2.8[ ), this moduli space can also be identified with the projective Hilbert scheme 
Hilb„ j( g(X) of points and curves on X, i.e. subschemes Y C X with no component of codimension 
one such that 



n = X (0 Y ) and = [Y] G H 2 (X, Z) , (2.10) 

where here x denotes the holomorphic Euler characteristic. Then the Donaldson-Thomas invariants 
are defined by 

n x (n,(3)=m n . /5 (X) := f 1 . (2.11) 

The proper definition of how to integrate over this moduli scheme, i.e. the definition of the length of 
the zero-dimensional virtual fundamental class [^^;g S (Y)] vir within the framework of a symmetric 
perfect obstruction theory, can be found in [95] (see |92j for a description within the present 
context). Alternatively, we can use Behrend's formulation [11] of Donaldson-Thomas invariants as 
the weighted topological Euler characteristics 

m n ^(x) = xG<? s P0 = xfe 1 W) , (2-12) 

where vx '■ ^^ S (X) — > Z is a canonical constructible function; this equivalent definition avoids 



non-compactness issues and is somewhat closer to the physical intuition of the Witten index (2.6) 
as the virtual number of BPS particles on X. 

These invariants have a clear physical interpretation: They can be thought of as the "volume" 
of the moduli space of BPS states on Y C X in that they enumerate stable bound states that 
a single D6-brane (since ideal sheaves have rank one) wrapping the whole Calabi-Yau threefold 
X can form with D2-branes wrapping rational curves Y in class (3 and a number n of pointlike 
DO-branes; in this case the singularity sets of ideal sheaves X are the subschemes being counted. 
This identification essentially comes from the interpretation of D-branes on a Calabi-Yau manifold 
as coherent sheaves. We will provide direct evidence for this in the following sections, where we 
study the moduli space of this D-brane system and explicitly compute its partition function. 
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Using x(Hilb n (X), vx) = (— l) n x(Hilb n (X)) and Cheah's formula for the generating function for 
the Euler characteristics of Hilbert schemes Hilb n (A) of zero-dimensional subschemes of length n 
in X, the degree zero contributions to the partition function (2.7) can be summed explicitly to 
give [12] 

oo 

Zo(<l) = E x(Hilb n (X)) = M(-q)*W , (2.13) 

n=0 

where x(-X^) is the topological Euler characteristic of X and 

oo 

M(q)=U (l-<fP = J> H ( 2 - 14 ) 

ra=l 7r 

is the MacMahon function which enumerates plane partitions (three-dimensional Young diagrams) 
7r with n = \tt\ boxes (see Fig. [TJ. We use the convention x(-X") = 1 when X = C 3 , so that 



Figure 1: A three-dimensional Young diagram (plane partition) n. The corners of the upper boxes are located at 
lattice points (i, = (ni, 11,2,113) G Z> with TTij > iTi+ij and -Kij > TTi^+i- The total number boxes of tt is 

M = Ei,j I'm- 



Zgp S (g) = M(-q) . (2.15) 



S.S Topological string theory 



The Donaldson-Thomas partition function (2.7) is widely believed (and in some cases rigorously 



proven) to be equivalent via dualities to the partition function of the A-model topological string 
theory on the same threefold X. The topological A-model can be defined as a topological twist 
of an N = (2, 2) superconformal sigma-model coupled to gravity. After localization onto classical 
(BRST) minima, the result is a theory of holomorphic maps 

(f> : E g — > X (2.16) 

from a string worldsheet, which is a smooth projective curve Ti g of arithmetic genus g > 0, into 
the Calabi-Yau threefold X. This map describes a worldsheet instanton wrapping a curve in the 
homology class (3 = </>*[X 9 ] £ H2(X,7*). The string theory path integral of the topological A- 
model localizes onto a sum of integrals over the moduli spaces of these maps. Each (compactified) 
moduli space ^ g ^{X) parametrizes stable maps of genus g wrapping a cycle ft. The "number" of 
worldsheet instantons in each topological sector is computed via the "volume" of this moduli space 
as 

GW 9)/3 (A) = / _ 1 . (2.17) 

This formula defines the Q- valued Gromov-Witten invariants of X. The integration is properly de- 
fined using a symmetric perfect obstruction theory in virtual dimension zero, which yields a virtual 
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fundamental cycle 9) p{X) ] vir in the degree zero Chow group of subvarieties. The topological 
string amplitude has a genus expansion 

oo 

*£>(A,Q) = £*?(Q) A 23 " 2 with Ff(Q)= ( 2 - 18 ) 

where A = g s is the string coupling, and the topological string partition function is 

Z* p (\,Q)=e F &(W . (2.19) 

For toric threefolds X the duality is based on the following observation. In the "classical" limit 
where the Kahler classes of X are large, which is the limit Q — > wherein the Calabi-Yau threefold 
is well approximated by gluing together C 3 patches, the individual genus g > 2 amplitudes reduce 
to 

GW,,oPO = lim F g x (Q) = *£1 [ c g _! (^) A3 . (2.20) 

The topological string amplitude can thus be compactly expressed as an integral over Chern classes 
of the Hodge bundle 3C g over the Deligne-Mumford moduli space ' g of Riemann surfaces, whose 
fibre at a point T, g is the complex vector space of holomorphic sections H°(T, g , ) of the canonical 
line bundle K-£ g —> T, g . This contribution comes from the constant maps: As the Kahler classes tend 
to infinity, every instanton contribution is suppressed and the path integral is well approximated 
by a sum over constant maps <ft which take all of £„ to a fixed point in X, with /3 = 0. There are 



additional terms in genera g = 0, 1 which are divergent in this limit. The integrals in (2.20) were 
explicitly computed by Faber-Pandharipande |38| as 

Qp\A3 _ (- 1 ) 9 \B2gB 2g -2\ , 991 x 
C - l( ^ } ~2g (2g -2) (2g -2)1 ^ 



with i?2g the Bernoulli numbers for g > 2, and consequently 



hm Z* p (\,Q)=M(q)*W (2.22) 



where q = — e lA and M(q) is the MacMahon function (2.14). Heuristically, if we send the Kahler 
classes to infinity, the topological string amplitude becomes a product of generating functions of 
three-dimensional Young diagrams, each factor associated with one of the copies of C 3 needed 
to cover the Calabi-Yau manifold (in the sense of toric geometry), the total number of which 
is X (X). 



2.3 Topological vertex formalism 

The proposed gauge/string theory duality can be stated precisely as the remarkable fact that the 
Gromov-Witten and Donaldson-Thomas partition functions are actually the same in the sense 
that [68] 

Z t X p (\,Q)=M(q)-^ x y 2 zX ps (q = -e iX ,Q) . (2.23) 

We interpret this equality as saying that the topological string amplitude captures the degeneracies 
of the D6-D2-D0 BPS bound states on a local threefold X. The duality can be extended to 
include open strings and topological D-branes which wrap Lagrangian submanifolds of a Calabi- 
Yau variety X. 

This equality can be proven for toric manifolds X, wherein the partition functions can be evaluated 



combinatorially by applying virtual equivariant localization techniques to the BPS indices (2.11) 
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with respect to the induced action of the three-torus T 3 on the Hilbert scheme [68]. Localization 
involving virtual fundamental classes constructs a model for the virtual tangent space at the fixed 
points of the torus action: One considers the infinitesimal deformations around the fixed point and 
then subtracts the obstructions to these deformations. In this way one can regard the virtual tangent 
space roughly as the difference between two cohomology groups, and the relevant localization 
theorem gives the virtual Bott localization formula. 

In the present case we can choose an afline cover of A whose local charts U a = C 3 are centred at 



the fixed points of the toric action. The integral (2.11) receives only two types of contributions, 
from the torus fixed points and the torus fixed lines in A, which correspond respectively to the 
vertices and edges of the toric diagram A of X. A torus fixed point TT a on U a is represented by a 
monomial ideal 

I a =T\ C C[zi,Z2,Z3] (2.24) 
which can be concretely represented by a three-dimensional Young diagram 

7r a = {( mi ,m 2 ,m 3 ) G Z| | zT *T *T t M • (2.25) 

The second type of contribution comes from overlaps of two open charts U a and U g which are glued 
along the line corresponding to z\ to give 

1 °#=Av a ™ fl C C[zt\z 2 ,z 3 } (2.26) 
and are represented by two-dimensional Young diagrams 

A Q/3 = {(mi,ro2,ro 3 ) | z^ z^ £ I a p} . (2.27) 
A calculation in Cech cohomology then determines the contributions to the Euler characteristic 



The combinatorial evaluation of the partition function (2.7) thus boils down to decorating the 
trivalent planar toric graph A of A with a three-dimensional Young diagram ir v at each vertex v 
and a two-dimensional Young diagram A e at each edge e representing the asymptotics of the infinite 
plane partition ir v . Symbolically, the partition function is then of the form 

Zg PS (q,Q)= Yl II Qe el II M A ei ,A e2 ,A e3 (-9) (2.28) 

Young diagrams edges e vertices 

A e v=(e 1 ,e2,e 3 ) 

where 

is the generating function for plane partitions tt asymptotic to (A, /i, v) with Mq 00(g) = M(q); we 
set A e = on all external legs e of the graph A. The regularised box count |7r| of an infinite plane 
partition tt with boundary is computed using the degrees (m e) i, m e ,2) specifying the normal bundle 
Opi(m e) i) © 0pi(m e ,2) over the rational curve in A corresponding to the given edge e with the 
contribution 

qE(i,j)e\ e ( m e,i (i-l)+m e ,2 0'-l)+l)+m ei i |A e | ^2 30) 

This gives the gluing rules for assembling three-dimensional and two-dimensional Young diagrams 



together; the "framing factors" (2.30) ensure that the gluing procedure doesn't overcount or omit 



boxes when two plane partitions are glued together along an edge e. The localization integrals 



only contribute signs. It is shown in |88| T68] that (2.29) coincides (up to normalisation) with the 



topological vertex [1] in the melting crystal framework. Formally, the partition function (2.28) 
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defines the statistical mechanics of a "Calabi-Yau crystal" and reproduces the topological string 
partition function within the formalism of the topological vertex. In this setting the boxes of 
the Young diagrams correspond to sections of the structure sheaves Oy of the associated closed 
subschemes Y C X. A more general mathematical treatment of this algorithm, including classes 
of non-toric local Calabi-Yau threefolds involving non-planar graphs, can be found in [65J. 



In the following we will interpret the series (2.28) as a sum over generalized instantons in an 



auxilliary topological gauge theory on the D6-brane. They are states corresponding to ideal sheaves 



which can be thought of as singular gauge fields. In this setting the large radius BPS index (2.6) 
is regarded as the Witten index of the field theory on the D-branes, and hence the BPS partition 
function should be equivalent to the instanton partition function on the D-branes in this limit. 



2.4 Conifold geometry 

Let us work through an explicit example. The conifold singularity in six dimensions can be described 
as the locus z\ Z2 — Z3 2:4 = in C 4 ; the singularity at the origin can be removed by deforming the 
conifold to the locus z\ Z2 — £3 Z4 = t with the deformation parameter t thought of as the area of a 
projective line P 1 replacing the origin. The crepant resolution of the conifold singularity is called 
the resolved conifold and it is described geometrically as the total space of a rank two holomorphic 
vector bundle Opi (— l)©Opi (—1) — > P . The toric diagram A consists of a single edge, representing 
the base P , joining two trivalent vertices, representing the two C 3 patches required to cover the 
resolved conifold. 



The large radius partition function (2.28) reads 

^ P f° ld (<7,Q) = ^M mx (- q )M mx (-q)QW 



= Yl (-# l|+M+E <^ eA( * +j+1) Q |A| = M{-q) 2 M{Q,-q)- 1 , (2.31) 
where the generating function 

M(Q,q) = H (l-Qq n )- n (2.32) 

71=1 

counts weighted plane partitions with M(l,q) = M(q). In the "classical" limit Q — > this reduces 

to (^bps(^)) ' wnue the "undeformed" limit Q — > 1 gives Z^p S (q), as expected. 

In the setting of topological string theory, the constant map contributions GW 9j q (conifold) for g > 2 



are given by (2.21 ), while the two-homology of the resolved conifold is generated by its base P 1 and 



the Gromov- Witten invariants which count worldsheet instantons are given by |38j 

GW fl ,4conifold) = -w 2 ^ 2 J 2 ^ 2) , (2.33) 
for g > 2 and curve class f3 = w [P 1 ] with wjGZ. The topological string amplitude is given by 

F conifold( A) Q) = F coBifold(Q) + F conifold(Q) (234) 

+ ^ A I 2s (2s -2) (2*7 -2)! " 2,(2,-2)! U ^ {Q) ) ' 

where the genus zero contribution is given by intersection numbers, the genus one part by the second 
Chern class of the tangent bundle of the conifold, and the polylogarithm function Li3_2 9 (Q) = 
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sums the contributions from genus g > 2 worldsheet instantons. The gauge/string 



duality (2.23) (with x(X) = 2) now follows from the exponential representation 

Q n q n 



M(Q,q) =exp(-J2 



(2.35) 



of the generalized MacMahon function (2.32). 



3 Counting modules over 3-Calabi-Yau algebras 

3.1 Quiver gauge theories 

So far we have been discussing ordinary Donaldson-Thomas invariants, which are a particular 
case of a generalized set of invariants defined over the whole Calabi-Yau moduli space that take 
into account the chamber structure and wall-crossing phenomena. We will now describe a different 
chamber, called the noncommutative crepant resolution chamber, wherein the geometry is described 
via the path algebra of a quiver, upon imposing a set of relations which can be derived from a 
superpotential. Physically this is the relevant situation that one encounters when a D3-brane is used 
as a probe of a singular Calabi-Yau threefold in a Type IIB compactification. The local geometry is 
reflected in the low-energy effective field theory which has the form of a quiver gauge theory, i.e. a 
field theory whose gauge and matter field content can be summarized in a representation of a quiver. 
This supersymmetric gauge theory is characterized by a superpotential which yields a set of relations 
as F-term constraints. The path algebra associated to the quiver is constrained by these relations; 
it encodes the geometry of the Calabi-Yau singularity and can be used to set up an interesting 
enumerative problem, where the roles of coherent sheaves are played by finitely-generated modules 
over this algebra in the standard dictionary of noncommutative algebraic geometry. Physically this 
corresponds to counting BPS states in the low-energy effective field theory; mathematically it goes 
under the name of noncommutative Donaldson- Thomas theory |94| 172] . 

Recall that a quiver Q is a directed graph specified by a set of vertices v G Qo and a set of arrows 
(y w) G Qi connecting vertices v,w G Qo- Often a quiver comes with a set R of relations 
among its arrows. A path in the quiver is a set of arrows which compose; the relations R are 
realized as formal C-linear combinations of paths. The paths modulo the ideal generated by the 
relations form an associative C-algebra called the path algebra A = CQ/(R), with product defined 
by concatenation of paths where possible and zero otherwise. 

There is a particular class of quivers which come equipped with a superpotential W : Qi — > CQ. 
In this case the mathematical definition of relations descends directly from the physical one: The 
relations of the quiver are the F-term equations derived from the superpotential, which is the ideal 
of relations generated by 

R = (d a \N | a G Qi) . (3.1) 

Here we regard W as a sum of cyclic monomials (since the gauge theory superpotential comes 
with a trace); the differentiation with respect to the arrow a is then formally taken by cyclically 
permuting the elements of a monomial until a is in the first position and then deleting it. 

A (linear) representation of a quiver with relations (Q, R) is a collection of complex vector spaces 
V v for each vertex v G Qo together with a collection of linear transformations B a : V v — > V w for 
each arrow [y — > w) G Qi which respect the ideal of relations R. The representations of a quiver 
with relations (Q, R) form a category 9\ep(Q, R) which is equivalent to the category 9Jtod(A) of 
finitely-generated left A-modules. In quiver gauge theories one looks in general for representations 
of (Q, R) in the category of complex vector bundles (or better coherent sheaves), but in many cases 
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the gauge theory is equivalently described by a matrix quantum mechanics for which it suffices to 
study the module category 9\ep(Q, R). We will be mostly interested in isomorphism classes of quiver 
representations which are orbits under the action of the gauge group n«eQo GL(V V ,C); they can 
be characterised using geometric invariant theory. Equivalently, there is a more algebraic notion 
of stability of quiver representations introduced by King, which is closely related to the notion of 
stability for BPS states given by D-term constraints in supersymmetric gauge theories. 

To each vertex v we can associate a one-dimensional simple module D,, with V v = C and all other 
V w = 0; in string theory these modules correspond to fractional branes. Furthermore, if e v is the 
trivial path at v of length zero, then P v := e v A is the subspace of the path algebra generated by 
all paths that begin at vertex v; they are projective objects in the category 9\ep(Q, R) which can 
be used to construct projective resolutions of the simple modules through 

... ^ p/<. ^ ... . Pl< ©<„ ^ Pv _ D „ (3.2) 

where 

d p WtV = dimExt p A (D v ,D w ) . (3.3) 

Note that d° w v 

— $w,v since D„ are simple objects; furthermore d w v gives the number of arrows 
in Qi from vertex w to vertex v and d\, v is the number of relations, while d\ v is the number of 
relations among the relations, and so on. 



3.2 Noncommutative Donalds on- Thomas theory 

When a D-brane probes a singular Calabi-Yau threefold, its low-energy effective field theory is 
typically encoded in a quiver diagram. From the geometry of the moduli space of the effective 
field theory one can reconstruct the Calabi-Yau singularity; it often happens that the singularity 
is resolved by quantum effects. We can abstract these facts into a mathematical statement: For 
Calabi-Yau singularities it is possible to find a certain noncommutative algebra A whose centre is 
the coordinate ring of the singularity and whose moduli spaces of representations are resolutions of 
the singularity. We call A the noncommutative crepant resolution of the singularity; the algebra A 
is finitely generated as a module over its centre and has the structure of a 3- Calabi-Yau algebra, see 
e.g. [E]. In the cases we are interested in, A is the path algebra of a quiver with relations. 

On this noncommutative crepant resolution one can define Donaldson-Thomas invariants. The 
starting point is the low-energy effective field theory of a D2-D0 system on a toric Calabi-Yau 
threefold X. This system of branes has a "leg" outside X in flat space M 4 ; the effective field theory is 
the dimensional reduction to one dimension of four-dimensional J\f = 1 supersymmetric Yang- Mills 
theory. The end result is a supersymmetric quiver quantum mechanics with superpotential. Several 
techniques are available for determining this data. For example, Aspinwall-Katz have derived a 
fairly general formalism to compute the superpotential in [7J . Alternatively, the technology of brane 
tilings gives an efficient algorithm which has also a neat physical picture in terms of dualities |4CH RT] ; 
see |58l 1103] for reviews. A more geometric perspective considers the toric geometry directly; then 
the quiver is derived through the endomorphisms of a tilting object, which guarantees that the 
derived category of representations of the quiver contains all geometric information encoded in the 
derived category of coherent sheaves on X. In the following we will assume that the relevant quiver 
Q and its superpotential W are known. 

The path algebra A of this quiver with relations encoded in the superpotential is a noncommutative 
crepant resolution of the Calabi-Yau threefold X. However, the quiver so far represents only the 
effective field theory of the D2-D0 system. To incorporate the D6-brane we add an extra vertex 
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{•} together with an additional arrow a, from the new vertex to a reference vertex vq of Q; this 
operation is a framing of the quiver and it ensures that the moduli space of representations has 
nice properties. We will denote the new quiver by Q; its vertex and arrow sets are given by 

Qo = Q U{.} and Qi = Qi U {• v } . (3.4) 

This new quiver has its own path algebra A. Representations are now constructed by specifying 
an n„-dimensional vector space V v on each node v € Qo, while the framing node • always carries 
a one-dimensional vector space C. Then the moduli space of stable representations j$ n (Q,vo) 
characterized by the dimension vector n = (n v ) v( zQ is compact and well behaved [72]; an appropri- 
ate symmetric perfect obstruction theory is developed in |94l [72] , which gives a sensible notion of 
integration. The index of BPS D6-D2-D0 states is then the noncommutative Donaldson-Thomas 
invariant which is given by the weighted Euler characteristic of this moduli space as 

n A)V0 (n) = DT ni „ (A) := x(-^n(Q,«o) , ^a) , (3.5) 

which again counts the "virtual" number of points. We can therefore define a partition function 
for the noncommutative Donaldson-Thomas invariants obtained from the path algebra A as 

Z&psfavo) = JWn) J] vl v ■ (3.6) 

n„ez ueQo 



To set up an enumerative problem associated with the quiver, we begin from the state containing 
a single D6-brane and describe it as the space of paths on the quiver starting at the reference node 
vo, modulo the F-term relations. We assign a different kind of box to each node of the quiver 
diagram by using different colours. This constructs a sort of "pyramid partition", starting from 
the tip. In this enumerative problem only the nodes of Q enter: The extra framing node {•} plays 
only a passive role, in a certain sense fixing a "boundary condition" since it corresponds to the 
D6-brane which extends to infinity. The combinatorial construction is rendered more involved by 
the fact that at each step one has to impose the relations derived from the superpotential. The 
best way to rephrase the quiver relations into a practical rule is by the use of brane tilings and 
related techniques, see [721 EH]- The end result is that there is a direct correspondence between 
modules over the path algebra and the coloured pyramid partitions which are built. 

The enumerative problem of noncommutative Donaldson-Thomas invariants is obtained by a com- 
binatorial algorithm derived via virtual localization on the quiver representation moduli space with 
respect to a natural global action of a torus T which rescales the arrows and preserves the superpo- 
tential; the fixed points define ideals of the path algebra A. Behrend-Fantechi prove in [p2] that for 
a symmetric perfect obstruction theory like the ones constructed in |94|. 172] , which are compatible 



with the torus action, the contribution of an isolated T- fixed point to the Euler characteristic (3.5) 
is given by a sign determined by the parity of the dimension of the tangent space at the fixed point. 
In particular, if all torus fixed points ir are isolated then we obtain |12[ Thm. 3.4] 

DT n ,,., (A) = Y, (-l) dimT ^^°) . (3.7) 

7re^n(Q^0) T 



However, in constructing the low-energy effective field theory one loses track of the precise relation 
between box colours and D-brane charges. This change of variables can be explicitly determined 
in some simple examples, but no closed general formula has been found so far. This means that 
the BPS states thus enumerated have charges that can be non-trivial functions of the original DO 
and D2 brane charges; in the noncommutative crepant resolution chamber the coloured partitions 
are the relevant dynamical variables and should be more properly thought of as "fractional branes" 
pinned to the singularity. 
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3.3 Conifold geometry 



Let us look at the noncommutative crepant resolution of the conifold singularity discussed in §2.4| 
In this case the quiver Q is the Klebanov-Witten quiver [61], which contains two vertices Qo = {0, 1} 
and four arrows Qi = {ai, a 2 , &i, b 2 } with the quiver diagram 



(3.8) 




and superpotential 

W = a\ bi a 2 b 2 - a\ b 2 a 2 h . 

The path algebra is given by 

A = C[eo, ei](ai, a 2 , h,b 2 ) / (b\ m b 2 - b 2 ai b\ , a\ h a 2 - a 2 bia\ \ i = 1, 2) . 
The centre Z(A) of this algebra is generated by the elements 

z\ = a\ b\ + 61 a\ , 

z 2 = a 2 b 2 + b 2 a 2 , 

z 3 = at b 2 + b 2 ai , 

Zi = a 2 b\ + b\ a 2 , 

and hence 



(3.9) 
(3.10) 



(3.11) 
(3.12) 



Z(A) = C[zi,z 2 ,z 3 , z 4 ] I (zi z 2 - z 3 z 4 ) 

which corresponds precisely to the nodal singularity of the conifold. The path algebra A is thus a 
noncommutative crepant resolution of the conifold singularity. 

To construct noncommutative Donaldson-Thomas invariants, we consider the framed conifold 
quiver 

• ... (3-13) 

b 2 
bi 

*" ^1 




We want to study the moduli space of finite-dimensional representations of this quiver with re- 
lations that follow from the superpotential W, or equivalently finite-dimensional left A-modules. 
In particular, the moduli space of stable representations is now equivalent to the moduli space of 
cyclic modules. To construct this moduli space, one considers the representation space 



Rep(Q,t;o)= Hom c (V v ,V w ) Hom c (1/ ,C) 



(3.14) 



(y — >kj)gQi 



where we have introduced a vector space Vo, V\ for each of the two nodes and the last summand 
corresponds to the framing arrow a. to the reference node vq = 0. Now let Rep(Q, t>o; W) be 
the subspace obtained upon imposing the F-term equations derived from the superpotential W on 
Rep(Q,«o)- The moduli space is obtained by factoring the natural action of the gauge group by 
basis changes of the complex vector spaces Vq and V\ to get a smooth Artin stack 



, (Q) = [Rep(Q, v ; W) / GL(n , C) x GL{n x ,Cj\ 



(3.15) 
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where we have dropped the reference vertex label for simplicity. After suitably defining the quotient, 
the resulting space has nice properties and carries a symmetric perfect obstruction theory [93] . 

Our task is now to compute the partition function for the noncommutative invariants 

^BPS Old (P0,Pi) = DT -o,m(A) pS° With DT no , ni (A) = X (^no,n 1 (Q) ! ^A) • (3.16) 

The invariants can be computed via equivariant localization with respect to a natural torus ac- 
tion which rescales the arrows diagonally; we keep only those transformations which leave the 
superpotential invariant. The relevant torus is thus 

T = T W /S 1 , (3.17) 

where 

T w = {(e ie \e ie2 ,e ie3 ,e i£4 ) | e 1 + e 2 + e 3 + e 4 = 0} , (3.18) 

while the subtorus 

S 1 {(A, A, A -1 , A -1 ) | A G S 1 } (3.19) 

is dictated by the charge vector which characterizes the resolved conifold as a toric variety. To 
evaluate the invariants we therefore need to classify the fixed points of this toric action on the 
moduli space and compute the contributions of each fixed point. In [94j Szendroi proves that there 
is a bijective correspondence between the set of fixed points and the set V of plane partitions tt such 
that if a box is present in tt then so are the boxes immediately above it, which are of two different 
colours, say black and white. Elements tt G V are called 'pyramid partitions (see Fig. [2]). These 



o o C 



Figure 2: A pyramid partition tv £ V. 



combinatorial arrangements are examples of those we discussed in £3.2 the enumeration of BPS 
states proceeds from the framed conifold quiver via the combinatorial algorithm that we sketched 
there. 



To assemble this data into the partition function (3.16), all that is left to do is compute the 



contribution of each fixed point tt G V, for which [93] proves 

/_-QdimT, r . / # no ,„ 1 (Q) _ /_-j\|ttl| (3.20) 

where n\ = \iri\ is the number of black boxes in the pyramid partition tt. If we similarly denote by 
n o = Kol the number of white boxes, then the generating function of noncommutative Donaldson- 
Thomas invariants assumes the form 



i^°p n | old ( M ) = £ (-1) M pIT'^ 11 • (3.21) 



This partition function has a nice infinite product representation (104] : If we change variables to 
q = PoPi and Q = p\ then 

Zg£t id (<l,Q) = M{-qf M(Q,-q) M(Q~\-q) . (3.22) 



It is interesting to compare the partition function (3.22) with the large radius generating function 



(2.31 ) of the ordinary Donaldson-Thomas invariants. Szendroi notes there is a product formula that 
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expresses the noncommutative invariants in terms of the ordinary Donaldson-Thomas invariants of 
the two (commutative) crepant resolutions of the conifold singularity, which are mutually related 
by a flop transition where the two-cycle shrinks to zero size. If we label them by ±, then 

Z^£ old ~(q,Q) =M{-q) 2 M{Q-q) and Z^£ old+ (q, Q) = M{-qf M{Q~\ -q) , (3.23) 

where now the parameter Q is interpreted as the large radius Kahler parameter e - '. Then one has 
the surprising equality 

Zg P i fM (q,Q) = M(-q)~ 2 Z^£° ld -(q,Q)Zg™. hld+ (q,Q) . (3.24) 

This formula is interpreted as saying that the partition function of noncommutative Donaldson- 
Thomas invariants can be obtained from the topological string partition function from a number 
of wall crossings. 



4 Counting curves in toric surfaces 

4-1 BPS states and Hilbert schemes 

In order to set up the gauge theory formulation of the curve counting problems on Calabi-Yau 
threefolds, we shall start in a setting wherein the gauge theory problem (instanton counting) has 
been more thoroughly investigated and is much better understood. In the next few sections we will 
study the relationship between curve counting and gauge theory on a general toric surface M, in 
particular with the enumeration of instantons in four dimensions. However, even in the simplest 
U (1) cases, surprisingly little is understood rigorously in full generality; the best understood classes 
of toric surfaces are ALE spaces and Hirzebruch surfaces. One of our goals in the following will 
be an attempt to set up a rigorous framework that computes the gauge theory partition functions 
on generic Hirzebruch-Jung spaces. Geometrically, the respective problems correspond to counting 
subschemes of dimension zero and one with compact support in a surface M, and counting rank 
one torsion free sheaves T on M which now have the factorized form 

T = L®X (4.1) 

where C = T vv is a line bundle and X is an ideal sheaf of points; compared to the six-dimensional 
case, the extra factor C is necessary to include one-dimensional subschemes which in this case occur 
as components in codimension one. From the gauge theory perspective, the main difference from 
Donaldson-Thomas theory is now the presence of a non-trivial first Chern class. This is essentially 
the reason why the two problems are different. As we have defined them, Donaldson-Thomas 
invariants count bound states of D6-D2-D0 branes. Adding D4-branes which wrap compact four- 
cycles yields sheaves with non-trivial first Chern class. In the following we will enumerate BPS 
D2-D0 bound states in D4-branes which wrap a toric surface M inside a Calabi-Yau threefold X 
without D6-branes. 

The pertinent moduli space is again the Hilbert scheme ^#^ S (M) = Hilb n/ g(M) of compact curves 
Y C M with 

n = x {0 Y ) and j3 = [Y] G H 2 {M,Z) . (4.2) 

For any smooth projective surface M, the structure of this scheme simplifies tremendously, and it 
is a smooth manifold. In this case a codimension one subscheme of M factorizes into divisors, and 
sums of free and embedded points. This implies that the Hilbert scheme factorizes into divisorial 
and punctual parts as 

J(*f{M) * Di V/3 (M) x Hilb n _ n ,(M) . (4.3) 
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The intersection number 

np = -±(P,P + K M ) T (4.4) 

is the contribution of the divisorial part D of a subscheme Y G ^#^ S (M) with [D] = @ to the 
holomorphic Euler characteristic n = x(0y), with = — ci(M) the canonical class of M, and 
Diyg(M) := Hilb n/3ij g(M) is the projective moduli space of divisors in M. The remainder due to 
free and embedded points of Y is contained in the Hilbert scheme Hilb m (M) of m = n — np points 
on M, which in this case is non-singular of dimension 2m. 

Thus in this case the moduli space (M) is smooth, and we can define generating functions 

using ordinary fundamental classes, without recourse to virtual cycles as before. In particular, we 
define the partition function for D4-D2-D0 BPS bound states on M as 

Z& Q (q,Q)= Q P Z ¥^) with Z^ I (q) = Y j q n ^M(n,P), (4.5) 

where now the index of BPS states is given by the topological Euler characteristic 

V M (n,f3) := X {^nf{M)) = [ eul{T^P(M)) (4.6) 



with eul(T^#^ s (M)) the Euler class of the stable tangent bundle on the smooth moduli space 
J$f^ s (M). The analog of the formula (2.13) for the de gree zero contributions are now encoded by 
Gottsche's formula 

oo 

Z^(q) = x(Hilb n (M)) = (4.7) 

n=0 

for the generating function of the Euler characteristics of Hilbert schemes of points on surfaces, 
where f){q) is the Euler function whose inverse 

oo 

71=1 A 

enumerates two-dimensional Young diagrams (partitions) A = (Ai,A2,...)> \ — \+i with n = 
\M = Yli \ boxes. 



4-2 Vertex formalism 



The Euler characteristics (4.6) can be evaluated by applying the localization theorem in equivariant 
Chow theory due to Edidin-Graham [37J. In our case the localization formula is simplified by the 
fact that the fixed point locus of the toric action on the moduli space ^#^ S (M), induced by the 
action of the two-torus T 2 on M, consists of isolated points and the integrand is the Euler class 
of the tangent bundle, which cancels against the tangent weights coming from the localization 
formula. The collection of T 2 -invariant ideal sheaves specifying the one-dimensional subschemes 

Y is in bijective correspondence with the set of all (possibly infinite) Young tableaux; in contrast 
to the case of plane partitions, there is a simple factorization of infinite two-dimensional Young 
diagrams into a finite part plus their asymptotic limits which we denote symbolically by 

{infinite Young diagrams} = Z> x {finite Young diagrams} . (4-9) 

This factorization is depicted in Fig. [3] and it corresponds to the decomposition ( |4.3[ ) of a subscheme 

Y into a reduced and a zero-dimensional component. The contribution of the free and embedded 
points to the holomorphic Euler characteristic n = x(CV) is given by the total box count of the 
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Figure 3: Factorization of an infinite two-dimensional Young diagram into a finite Young diagram Trj^+i and its 
boundaries along the two coordinate axes which are specified by integers A;, Ai+i € Z>o- Here i labels the one-cones 
of the toric fan of M, while (i, i + 1) labels the two bounding one-cones of each toric fixed point on M. 



finite parts of Young diagrams, while for any compact toric invariant divisor D with an expansion 
D = ]T\ Aj Di, Aj G Z>o in a basis of T 2 -invariant divisors Di with self-intersection numbers 
cti = — (Di, Di)r, a computation in Cech cohomology shows [21] 

X (0 D ) = -\(D,D + K m )t = (5 «i Aj (Aj — 1) + Ai — A, A i+ i) . (4.10) 



Using this data one can combinatorially evaluate the BPS partition function (4.5) via a vertex 



formalism for toric surfaces M which is analogous to the topological vertex formalism for toric 
threefolds discussed in £2.3 The partition function is constructed on the bivalent planar toric 



graph A which is the dual web diagram of the toric fan of M . This formalism associates to each 
vertex v = (ei, e<i), where two edges ei and e2 of A meet, a factor 



-1 



(4.11) 



where the inverse Euler function ^(g) -1 counts two-dimensional Young diagrams based at the vertex 
and the two non- negative integers A ei , A e2 label the asymptotics of the partitions along the edges 
connecting two vertices with the product A ei A e2 the contribution to the regularized box count of 
an infinite Young diagram. Two vertices are glued together along an edge e carrying the common 
label A e by a "propagator" 



G\ e (q,Q e ) = 



\ a e A e (A e — 1)+A e qX 



(4.12) 



where a e is the self-intersection number of the rational curve represented by the edge e and the 
parameter Q e weighs the homology class of the edge. Then the partition function has the symbolic 
form 

Zg PS (q,Q)= II G *MQe) EI V^^q), (4.13) 



A e £i 



edges 



vertices 
v=(ei,e2) 



where we set A e = on all ex terna l legs e of the graph A. Since there is a factor f/(q) 1 for each 
vertex, the partition function (4.13) carries an overall factor fi(q)~ x ^ M ^ associated to the degree zero 



contributions as in Gottsche's formula (4.7), where x(M) is the topological Euler characteristic of 
M. It would be interesting to find a four-dimensional version of topological string theory which 
reproduces this counting, analogously to ^2} 



4-3 Hirzebruch-Jung surfaces 

Our main examples of toric surfaces in this paper will fall into the general class of Hirzebruch- 
Jung spaces M = M p>p i, which are resolutions of A PjP ' singularities for a pair of coprime integers 
p > p' > 0; they represent the most general toric singularity in four dimensions. In this case we 
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may regard M as a four-cycle in the Calabi-Yau threefold X = Km- Consider the quotient of C 2 

(4.14) 



by the action of the cyclic group G P:P 



Z p generated by 



C o 
o c p ' 



where £ = e 2,rl//p . In the framework of toric geometry this singular space is described by the 
two-cone spanned by two lattice vectors vo = (1,0) and v m+ i = (—p',p) in Z 2 . The minimal 
resolution 7r : M PiP ' — > C 2 /G PiP / is the smooth connected moduli space Hilbc p , (C 2 ) consisting 
of G PtP i -clusters, i.e. G PtP i -invariant zero-dimensional subschemes Z of C 2 of length |G PjP '| such 
that H°(Oz) is the regular representation of G PiP i. The toric diagram of M pp / = HilbG pp/ (C 2 ) is 
obtained by the subdivision with one-cones vj, . . . , v m such that 



Vj-i + v i+ i = an Vj 



(4.15) 



for i = 1, 
expansion 



, m, where the integers m and a% > 2 are determined by the continued fraction 



P 



[a 1} . 



1 



, OLr 



(4.16) 



«2 



"3 



CKm-1 



1 



Geometrically the singularity is resolved by a chain of m exceptional divisors Di 
intersection matrix is 



whose 





(-a\ 
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' ° \ 
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— a 2 


1 





C=((D i ,D j ) v ) = 





1 


-a 3 • • 







V o 








• -am) 



(4.17) 



The exceptional curves Di , i = 1 , . . . , m generate the Mori cone in the rational Chow group 
H^Mppi, Q) consisting of linear combinations of compact algebraic cycles with non-negative coef- 
ficients. 



The vertex rules determine the BPS partition function (4.13) as 

1 



r)(q) m+1 ^ 



— 2 A-CA+2 A-C5+2 A„ 



Q 



(4.18) 



where <5 := (1, . . . , 1). In particular, the spaces M p +i jP are the Calabi-Yau ALE resolutions of A p 
singularities consisting of a chain of m = p exceptional divisors Di, for which ai = 2 for i = 1, . . . ,p, 



Km p+ i p = 0, and (4.17) coincides with minus the Cartan matrix of the A p Dynkin diagram which 

(4.19) 



represents the toric graph A; the partition function in this case simplifies to 



On the other hand, for p' = 1 there is only one exceptional divisor with self-intersection number 
— a± = —p and the manifold M Pi \ can be regarded as the total space of a holomorphic line bundle 
Opi(— p) of degree p over the projective line P ; the geometry is the natural analog of the resolved 
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conifold geometry from £2.4 This space has a toric projectivization to the p-th Hirzebruch surface 



F p and the partition function is given by 



fj{qf 



oo 

£ 

A=0 



V \2 
f 2 



(4.20) 



5 Four- dimensional cohomological gauge theory 

5.1 Vafa-Witten theory on toric surfaces 

A natural candidate gauge theory dual to the curve counting theory of BPS states discussed in 
^4] is the topological gauge theory studied by Vafa-Witten jW] , defined on four-dimensional toric 
manifolds. This is the low-energy effective field theory on D4-branes wrapping a holomorphic 
divisor M in a Calabi-Yau threefold \13\ 196] ; the counting of instantons on D4-branes is then 
equivalent to the enumeration of BPS D2-D0 staes in the D4-branes, and hence we would expect 
the instanton partition function to be equivalent to the BPS partition function for D4-D2-D0 
bound states. Under favourable circumstances, this gauge theory captures the holomorphic sector 
of M = 4 supersymmetric Yang-Mills theory in four dimensions and can be used to understand 
its modular properties under S-duality transformations (when viewed as a function of the elliptic 
modulus q). This is particularly interesting on non-compact toric manifolds, such as the A p series of 
ALE spaces considered by Kronheimer-Nakajima [63J. On these spaces, by using celebrated results 
of Nakajima [77J, Vafa-Witten relate the partition function of the topological gauge theory with the 
characters of an affine Lie algebra, thereby completely characterizing it as a quasi-modular form. In 
subsequent sections we will extend these considerations to a relation between Donaldson- Thomas 
theory and topological Yang-Mills theory in six dimensions. 

Here we consider the topologically twisted version of N = 4 supersymmetric Yang-Mills theory 
with gauge group G as constructed in |97j on a smooth connected Kahler surface (M, t); in the 
four-dimensional cases we will always set B = 0. When certain conditions are met (the Vafa-Witten 
vanishing theorems) the corresponding partition function computes the Euler characteristic of the 
instanton moduli space. The space of fields W is given by 

W = stf(V) x Q° (M, &dV) x n 2 >+ (M, &dV) (5.1) 

where £/(V) denotes the affine space of connections on a principal G-bundle V — > M, ad V is the 
adjoint bundle of V, and the superscript + denotes the self-dual part; the superpartners of the 



fields in (5.1) are sections of the tangent bundle over W. For (A,<j), b + ) G W, the twisted gauge 



theory corresponds to the moduli problem associated with the field equations 

a ■= F+ + \t~ l (b + Ab + ) + \<$> A 6+ = , 

k := t' 1 (V A b + ) + V A <P = , (5.2) 

where Fa is the curvature of the gauge connection one-form A and the associated covariant 
derivative, and the adjoint section <p is called a Higgs field. Associated with these field equations 
are a pair of doublets which are sections of the bundle = Q 2,+ (Af, &dV) © fi 1 (M, adV). 

The path integral of the topological gauge theory localizes onto the solutions of the field equations 



(5.2 ). The partition function can be interpreted geometrically as a Mathai-Quillen representative of 
the Thorn class of the bundle "f = W Xg(p) and its pullback via the sections (a, k) of (5.2) gives 



the Euler class of ~f; here G(V) is the group of gauge transformations, which are automorphisms 
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of the G-bundle V — > M. Under favourable conditions, appropriate vanishing theorems hold which 



ensure that each solution of the system (5.2) has (j) = b + = and corresponds to an instanton, 
i.e. an anti-self-dual connection; the space of gauge equivalence classes of solutions to the anti-self- 
duality equations = is called the instanton moduli space ^p nst (M). Then the path integral 
localizes onto ^^ st {M) and reproduces a representative of the Euler class of the tangent bundle 
T^#p lst (M). Therefore the partition function computes volumes of the form 

X {Jt'v st {M)) = f eul(T^, nst (M)) (5.3) 



l (M) 

which give the Euler character of the moduli space of G-instantons on M; it can be computed from 
the index of the Atiyah-Hitchin-Singer instanton deformation complex [63] 

n°(M,adV) ~^>- Q l {M,&dV) n 2 >+(M,&dV) (5.4) 



associated with the equations (5.2), where the first morphism is an infinitesimal gauge transforma- 
tion while the second morphism corresponds to the linearization of the sections (a, n). For unitary 
gauge bundles £ — > M of rank r, the moduli space can be stratified into connected components 
^r^u-,r{M) with fixed instanton and monopole charges 

n = ch 2 (£) G H 4 (M,Z) = Z and u = c±(£) G H 2 (M,Z) . (5.5) 

Let us now look at the rank one case and embed the moduli space of U(l) bundles with anti-self- 
dual connection into the space of (semi-stable) torsion free sheaves T; this embedding provides a 
smooth Gieseker compactification of the instanton moduli space which can be naturally thought 
of as algebraic geometry data parametrizing the extension of the moduli space to include noncom- 
mutative instantons. We can organize the moduli space of isomorphism classes of these sheaves 
according to their Chern classes as ^^^(M) with 

n = ch 2 (T) and = ci(T) G H 2 (M,Z) , (5.6) 

where we use Poincare-Chow duality for surfaces to regard divisors of M both as curves and as 
degree two cohomology classes. Note that for non-compact spaces the second Chern characteristic 



class n can be fractional. The factorization (4.1) implies an analogous factorization of the moduli 
space strata 

Jt^iM) Pi C/3 (M) x Hilb n _ n/3 (M) , (5.7) 



similarly to (4.3). The Picard lattice Picg(M) parametrizes isomorphism classes of holomorphic 



line bundles C = Om{D) of divisors D on M with [D] = (3 which contribute the intersection number 



(4.4) to the second Chern characteristic of a torsion free sheaf and which are called "fractional" 
instantons, while the Hilbert scheme of points Hilb m (M) is the smooth manifold of dimension 2m 
which parametrizes ideal sheaves Iz with instanton number m (and c\(Iz) = 0) corresponding to 
"regular" instantons supported on a zero-dimensional subscheme Z C M of length m = n — np. 



Using the Grothendieck-Riemann-Roch formula, the contribution of a primitive element of (5.7) to 
the instanton number n is found to be 



ch 2 {Q M {D)®l z ) = l(D,D) r - x (Oz) (5.8) 

with (D,D) r = J M Ci (O m (D)) A ci (0m (£>))• 
The gauge theory partition function is given by 

Z A g L ge (q, Q) = /~2q n Q 13 [ eul{T^™\M)) . (5.9) 
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By Gottsche's formula (4.7), the regular instantons contribute to (5.9) with a factor 77(g) 



which is identical to that of the BPS partition function (4.13). On the other hand, the discrete 



- X (M) 



factor which comes from the sum over fractional instantons C 6 Picg(M) is different from that 



of (4.13); this series is a generalized theta- function which carries the relevant information about 



the partition function as a quasi-modular form. Hence the curve counting and instanton counting 
problems are related but not identical in four dimensions; we shall see later on that the duality is 
however exact in six dimensions. 



For illustration, let us consider the class of Hirzebruch-Jung spaces from £4.3 In this case, using 
linear equivalence one can extend the complete set of torically invariant divisors, including the non- 
compact ones, to an integral generating set for the Picard group Pic(M p y) = H 2 (M P:P i , Z) = Z m 
of line bundles given by 



e { = {C~ l ) ij Dj for i = 1, . . . ,m 



(5.10) 



where the matrix Cj,- = (Di,Dj)r is the integer-valued intersection form (4.17) for the compact 
two-cycles of the resolution M PiP i whose inverse can be found in e.g. [5U|, App. A]. These divisors 
satisfy 

(A , e J ) r = <V , (5.11) 

and hence generate the Kahler cone which is the polyhedron in the rational Chow group H 2 (M P:P / , Q) 
dual to the Mori cone with respect to the intersection pairing 



<-,->r : tf 2 c (AV,Z) x H 2 (M p , p ,,Z) 



Ho(M P:P >,Z) 



(5.12) 



that includes the linear extension to non-compact divisors. They have intersection products 
(e*,e J )r = (C^ 1 )^ . Since C is not unimodular, its inverse is generally rational-valued and this 
change of basis naturally incorporates the contributions from flat connections with non-trivial 
holonomy at infinity. It corresponds to the basis of tautological line bundles used by Kronheimer- 
Nakajima in |63j . and by e.g. |43} I50|. which we consider in £|5,3| In this case the partition function 



(5.9) evaluates to 



7 M ™'(n D\ - Qr ( g '^ 

^gaugeW, W - *f q \ m+ l ' 

where the Riemann theta- function on the magnetic charge lattice T = H 2 (M pp i,'L) 
by 

®v{q,Q) = Y.1~ lU ' C ~ 1U Q U ■ 
ueT 



(5.13) 
is given 
(5.14) 



This expression should be compared with e.g. (4.19) in the ALE case, whe re the inverse of the 
Cartan matrix is given by (C" 1 )*-? = _ min(z, j) for i,j = 1, . . . ,p, or (4.20) in the case of 
Hirzebruch surfaces where 

^ P , ^ Uq 1/P ,Q) 



with the Jacobi elliptic function 



i](q) 2 



(5.15) 



(5.16) 



The formula (5.13) agrees with the conjectural exact expression of [43^150]: there is also a conjectured 

(5.17) 



factorization of the higher rank instanton partition function for r > 1 given by 

J V £E=i «rC-i U! QU 

\r(m+l) 2^1 q W ' 



Zgauge (q, Q] r) — fZgaSge (<?, Q) 



f)(g)r(m+l) ^ 
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where u = (u±, . . . , u r ) with ui € T, I = 1, . . . , r, while 



^ u t and Q" = II ' ( 5 - 18 ) 



u = 

1=1 i=l 



This factorized form can be derived from a localization calculation on the ADHM parametrization of 
the instanton moduli space, which we discuss in The formula (5.17) is rigorously derived in 



for ALE spaces using the combinatorial formalism of quiver varieties, and in |18| for Hirzebruch 
surfaces by a localization calculation on the Coulomb branch of the gauge theory. Since M PtP / is 
non-compact, one should also include properly the boundary contributions that are known |50j 
in terms of the induced Chern-Simons gauge theory on the three-dimensional boundary of M^y, 



which is a Lens space L(p,p' ) = S /G PtP i; such boundary contributions will be incorporated in {5 A 
for the case of the ALE spaces M p+ i iP . 



5.2 McKay correspondence 

In the remainder of this section we will focus on the case of toric Calabi-Yau twofolds M, i.e. ALE 
spaces, which have trivial canonical class Km = and are the natural four-dimensional analogs of 
the spaces considered in |2] we will describe the instanton moduli spaces on these varieties. The 
McKay correspondence allows a direct construction which is a straightforward generalization of the 
construction of the instanton moduli space on C 2 : These moduli spaces are given by quiver varieties 
based on the McKay quiver. In §[8] we will see that this formalism can be extended to Calabi- 
Yau threefolds; in particular, the generalized McKay correspondence will enable us to study the 
noncommutative enumerative invariants of §3.2| as a generalized instanton counting problem. 

We will now review the McKay correspondence for finite subgroups G of SL(2, C). This correspon- 
dence relates the quiver gauge theory associated to a four-dimensional orbifold singularity with the 
counting of D4-D2-D0 bound states on the minimal resolution of the singularity. We will only 
focus on cyclic groups G = Z p+ i, but the line of reasoning can be extended to other groups of ADE 
type. The G-action on C [#1,2:2] is given by 

( Zl ,z 2 ) — > {Cz 1 ,( p z 2 ) (5.19) 

with = 1. The quotient variety C 2 /G has a Kleinian or du Val singularity of type A p . It can 
be regarded as an embedded hypersurface in C 3 via the defining equation 

z\ + z\ + = . (5.20) 

In the minimal crepant resolution of the singularity ir : M — > C 2 /G, the exceptional set and 
its intersection indices can be encoded in a graph which has the form of a Dynkin diagram of 
type A p . 

Let Q = C 2 be the fundamental representation induced by the inclusion G C SX(2, C). If we 
denote the irreducible representations of G by p a with a E Qo = {0,1, ... ,p}, where po is the trivial 
representation and p a has character £ a , then Q = p\ © p p . Then the decomposition 

Q ® Pa = (J) *baPb = Pa+i © pa-i with & ab = dimHom G (p a , Q © p b ) (5.21) 
6eQ 

can be used to define the McKay quiver Q p as the graph with vertex set Qo and a. a (, arrows from 
vertex a to vertex b; only & a ,a±i = 1 are non-zero. This graph has the form of an affine Dynkin 
diagram of type A and its subgraph obtained by removing the affine vertex, which corresponds to 
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the trivial representation po, is a standard Dynkin diagram of type A. We will denote by C minus 
the Cartan matrix corresponding to the Lie algebra and by C minus the Cartan matrix of its affine 
extension; both matrices are non-negative and symmetric. The category of representations of the 
McKay quiver Q p plays a crucial role in the McKay correspondence. 

The McKay correspondence, in its simplest version, gives a bijection between the set of irre- 
ducible representations (including the trivial one) and a basis of H 9 (M, Z), which maps the ex- 
ceptional curves D a to the non-trivial representations p a and the homology class of a point to 
the trivial representation po. To each irreducible representation we associate a reflexive module 
R a := Homc(/3 a , C 2 ), and 1Z a as the pullback sheaf on M modulo torsion. The tautological sheaf 
lZ a is locally free and has rank one (the dimension of p a ). The collection of tautological sheaves 
has the property 

/ Cl (K a ) = 5 ab (5.22) 

JD b 

and the Chern classes ci(TZ a ) form a basis of H 2 (M,7*); this identifies e a = c\(JZ a ) in (5.10), 
or equivalently lZ a = a/ (e a ). Upon including the trivial bundle TZq = Om, which generates 
H°(M, Z), these bundles form the canonical integral basis of the K-theory group K(M) constructed 
in [3H]. Out of these locally free sheaves we construct the tautological bundle [S3] 

n = ($n a ®p a (5.23) 

ae<5 

where the sum runs over all irreducible representations of G. 

For the McKay quiver the vertex set Qo = G is determined by the irreducible representations of 
the cyclic group G, while the set of arrows is Qi = { o}f \ a 2 \ P £ G }; the notation means that 

the arrow of (resp. Ojf ) goes from vertex p\ % p (resp. p v ® p) to vertex p. With this notation 
understood the ideal of relations is generated by 



R _ / „(P®Pl) JP) _(P®Pp) JP) 



pe G} . (5.24) 



The fine moduli space (Q p , R) of ^-stable representations of the bound McKay quiver (Q p , R), 
for the regular representation R of G where all vector spaces V a are one-dimensional, is smooth 
and the map ir : ^e(Q p ,R) -> J?i{Q P , R) = C 2 /G is the minimal resolution of the orbifold 
singularity C 2 /G. 

We wish to now explain the relation between the intersection theory of the exceptional set and the 
representation theory of the orbifold group G. We will show, following [56], how the tensor product 
decomposition of irreducible representations of G appears in the intersection matrix. Given the 
basis lZ a of tautological bundles for K(M), we introduce a dual basis S a for the Grothendieck 
group K C (M) of complexes of vector bundles which are exact outside the exceptional locus 7r~ 1 (0). 
Consider the complex on M given by 

n — >■ Q®n — ^/\ 2 Q®n, (5.25) 

where the arrows are induced by multiplication with the coordinates (2:1,2:2) and here Q is short- 
hand for the trivial bundle with fibre Q. Since G C SL(2, C), the determinant representation is 
trivial as a G-module and we have /\ 2 Q ®1Z = 1Z. Then the transpose complex 

S a : K a a6 7^ ^ K (5.26) 

bed 
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gives the desired basis of K C (M). One similarly defines the dual complexes 



(J) a. ab K b > K a 



(5.27) 



fceG 



On K C {M) we can define a pairing 



(5,7>» = <3(S),r) 



A' 



(5.28) 



where H : K C (M) — > K(M) is the map which takes a complex of vector bundles to the corresponding 
element in K(M), i.e. the alternating sum of terms of the complex, and (— , —)k denotes the dual 
pairing. It follows that 



{$a > $b) K c = ( s (Sa ) > s b) K = ^ (^ac - a ac + 5 ac ) (TZ C , S b ) K = 25 ab - a. ab = -C ab . (5.29) 



This result relates the tensor product decomposition (5.21), and therefore the extended Cartan 
matrix —C, with the intersection pairing on K C (M); in particular, it naturally identifies the resolved 
homology H 2 (M, Z) with the root lattice T of the A p Lie algebra and the Grothendieck group K C (M) 
as the lattice of fractional instanton charges. 



5.3 Instanton moduli spaces 

We review the construction of the framed moduli space of rank r torsion free sheaves on the orbifold 
compactification of the ALE space M given byM = MU£ 00 where i„ = F 1 /G [551 1751 1771 1ST] . In a 
neighbourhood of infinity we can regard M as the compact toric orbifold P 2 /G with the resolution 
of the singularity at the origin. More precisely, the divisor (.^ is constructed by gluing together 
the trivial bundle Om on M with the line bundle Cnp2/G](l) on F 2 /G. The latter bundle has a 
G-equivariant structure such that the restriction map of structure sheaves Om — > C[p 2 /g](1) i s 
G-equivariant. 

We begin by recalling the ADHM parametrization of the instanton moduli space ^^"^(C 2 ) on affine 
space C 2 ; this parametrizes stable D4-D0 bound states in the low-energy limit at large radius, with 
BPS DO-branes regarded as instantons in the gauge theory on the D4-branes |35} 136] . It has a 
simple description as a quotient by the action of the gauge group GL(n, C) of the space spanned 
by the linear operators 

B 1 ,B 2 e End c {V) , / G Hom c (VF, V) and J € Hom c (F, W) (5.30) 

subject to the ADHM equation 

[B 1 ,B 2 ]+IJ = (5.31) 

and constrained by a certain stability condition. The vector spaces V and W have dimensions n 
and r respectively, and are given by cohomology groups characterizing the instanton moduli space. 
For this, one has to parametrize holomorphic bundles on C 2 , or in a better compactified setting 
one works with torsion free sheaves £ on the projective plane P 2 . Then using the Beilinson spectral 
sequence one can describe a generic torsion free sheaf as the cohomology of a certain complex: Any 
torsion free sheaf £ on P 2 can be written as £ = "P\*(j>\£ <S> 0a) where A is the diagonal of P 2 x P 2 , 
and pi and p 2 are projections onto the first and second factors. The Koszul resolution of 0a gives 
the double complex 

R'pu(p* 2 £ ® C*) , (5.32) 
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where 

& = A" i (Op 2 (-^oo)KQp 2 ) (5.33) 
and the locally free sheaf Qp 2 is defined by the exact sequence 

O p2 (-4o) 0®i > Q p2 » , (5.34) 

with = P 2 \ C 2 = P 1 a line at infinity. By Beilinson's theorem, the sheaf £ can be recovered 
from a spectral sequence whose first term is 

= p2 (p4o) ® H«(F 2 , Si-loo) ® A~ P Qp 2 ) (5.35) 

This spectral sequence degenerates into a monad, after imposing the framing condition that S 
is trivial on and locally free in a neighbourhood of £qo • After some homological algebra one 
finds that all the relevant information is encoded into two vector spaces V and W defined by 
V = i? 1 (P 2 ,£'(-2^ 00 )) and E\. = W <g> Of,, together with two linear maps 

I & oo 

y®o p2 (-4o) — > (y®v®w)®o ¥ 2 — > voOpa^oo)- (5.36) 



The condition that the two linear maps give a complex is precisely the ADHM equation ( 5.31 ) . 



Consider now a generic torsion free sheaf £ on M; then £ = puip^S <8> 0a) where now A is the 
diagonal of M x M. The diagonal sheaf Oa has a resolution which arises from gluing the resolution 



of the diagonal of M x M constructed in [63J from the complex of tautological bundles (5.25), 
endowed with an appropriate G-equivariant structure, with the resolution of the diagonal sheaf of 
P 2 x P 2 . One arrives at a double complex of the same form as (5.32) but with (5.33) replaced 
by 

c k = (nikt^M (n v ® A~*G V )) G . ( 5 - 37 ) 

where the line at infinity £oo is G-invariant and the locally free sheaf Q is defined as follows. In the 
Kronheimer-Nakajima construction [63], one defines a trivial bundle with fibre Q = C 2 on which 
the regular representation of G acts. On the other hand, in the neighbourhood of the divisor at 



infinity, M looks like P 2 (with the G-action). The sheaf Q P 2 on P 2 defined by (5.34) has a natural 
G-equivariant structure induced by the identification Op 2 3 = (Q Rq) (8) O p2 . We define the sheaf 
Q by gluing together these two sheaves, much in the same way that we can regard M as obtained 
by gluing together M and P 2 with the appropriate equivariant structure (and G-action): Since M 
is an ALE space, its compactification looks like P 2 near the compactification divisor P 1 at infinity, 
and the gluing is compatible with the action of the orbifold group G on P 1 . 

We can now now apply Beilinson's theorem: For any torsion free coherent sheaf £ on M there is a 
spectral sequence with first term 

e™= (ft( P 4c)^# 9 (M,£:(-4o)®ft v ® A _P Q V )) G (5-38) 

which converges to £(—£oc). Upon imposing the framing condition that £ is trivial at infinity, 
the spectral sequence degenerates to a monad with only non-vanishing middle cohomology given 
by 

(K <8> Q ® V) G ® O w 

(K®V) G ®<%(-^oo) e {1Z®V) G ® M (4o) (5.39) 

(K® W) g ®O m 

where V = H X {~M , £(-2^)) and S\ f = {W®O too )/G. 
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This construction realizes the instanton moduli space ^#™| r (M) as a quiver variety ^(V,W), 



when a certain stability condition is imposed: The middle cohomology of (5.39) is the original 



sheaf £ by Beilinson's theorem. The condition that the sequence (5.39) is a complex is equivalent 



to generalized ADHM equations which follow by decomposing (5.31 ) under the action of the orbifold 



group [63] ; this describes the sheaf £ in terms of representations of the framed McKay quiver, and 
provides a bijection between fractional 0-brane charges on the orbifold and D2-D0 brane charges 
on the resolution which arises from collapsing the two-cycles on M. For this, we note that the two 
vector spaces V and W (regarded as trivial vector bundles) have a natural grading under the action 
of G into isotopical components 



V 



0k 



Pa 



and 



W 



Pa 



(5.40) 



with V a = Honi(3(V, p a ) and W a = HoraciW, p a ). Let us assemble their dimensions dim V a = n a 
and dim W a = r a into integer p + 1-vectors n = (no,ni, . . . ,n p ) and r = (ro,ri, . . . ,r p ), where 
p + 1 is the number of vertices in the affine Dynkin graph associated with the ALE singularity 
(as well as the number of irreducible representations of G); this data uniquely characterises the 
quiver variety ^#(n, r) := ^(V,W). The McKay correspondence identifies these vectors as ex- 
pansions n = J2 a n a a a and r = J2 a r a ^a in the simple roots a a and fundamental weights A a 
of the associated affine ADE Lie algebra. The equivariant maps (-81,-82) 6 Hornby, V ® Q), 
I G HomciW, V) and J G Hornby, W) decompose accordingly by Schur's lemma into linear maps 



(a) 



e Hom c (F a ,y a _i), 8 2 a) G Hom c (V a ,V a+1 ), 1^ G Rom c (W a ,V a ) and jW G Rom c {V a ,W a ). 



B 

Using the analogous decomposition of the tautological bundle (5.23), the generalized ADHM equa- 
tions are then 

0. (5.41) 



B (a-1) B (a) 



B (a+1) B (a) + j(o) J{a) 



'2 -"1 

This constructs the quiver variety ^(V, W) as a suitable quotient by the action of the gauge group 
GLg(V) on the subvariety of the representation space 



Rep(Q) = Rom G (V, V® Q) Hom G (Ty,F) Hornby, W) 



(5.42) 



cut out by the equations (5.41). 



In this setting the instanton moduli space can be regarded as the G-invariant subspace of the 
moduli space ^^^(C 2 ) of framed torsion free sheaves £ on the projective plane P 2 . The G-action 



on P lifts to a natural action of G on 



mist 



(C ), once we fix a lift of the G-action to the framing 



bundle W <g) Oi x . Then the G-fixed point set of the moduli space has a stratification 

Jt™P (C 2 ) G = [J ^(n,r) , 

\n\=n 



(5.43) 



where |n| := ^ a n a and the connected components ^#(n,r) are framed moduli spaces of G- 
equivariant torsion free sheaves £ on P 2 . 

The instanton moduli space ^#(n, r), when non-empty, is smooth of dimension 

dim Jtf{n, r) = 2n ■ r + n ■ Cn , (5.44) 

which follows by counting parameters and constraints. It is also fine and the above construction 
determines a universal sheaf <§ on M x ^# mst (n, r) [81]; the K-theory class of its fibre at a point 



[£] G ^#(n,r) is the virtual bundle defined by the complex (5.39) which is given by 



S'\ 



{£] 



(K®W) 



(-R®Q®V) G ® O 



M 



(5.45) 
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Evaluation of its Chern classes gives 



ci(£) = ^2 ya + ^2 C ab n b \ a (TZ a ) = ^2( r a + n a _i - 2n a + n a +i) ci{U a ) (5.46) 



aeG b&G 

and 



a=0 



ch 2 (£) = ^ (r a + ^ C a6 n 6 ) ch 2 (ft a ) - 2.5 • n ch 2 (<%(4o)) 



aeG beG 
P 



(i r a + "o-i " 2n a + no+i) ch 2 (^ a ) - p , (5.47) 



a=0 



where |G| = p+ 1 and we define n_i = = n p + 1, while the vector <5 G ker(C) is the unique vector in 
the kernel of the extended Cartan matrix whose first component is 1, i.e. S = (1, . . . , 1) is the vector 
of ranks of the tautological bundles; geometrically it is related to the annihilator of the quadratic 
form which gives the intersection pairing. In the following we will often denote u := r + Cn; by the 
McKay correspondence, it lies in the weight lattice of the Kac- Moody algebra of type A p . 

Hence there is a bijective correspondence between the moduli space of framed torsion free sheaves 
on M and the quiver variety ^#(n, r), where r is determined by the asymptotic boundary condition 
on the gauge field at infinity, while the vector n is determined by the Chern classes of £ (instanton 



charges) via (5.46); see [63l[8T] for further details of this construction. 



5-4 Affine characters 



It is a celebrated result of \77\ [!J7] that the rank r gauge theory partition function (5.17) on the 
A p ALE space M = Mp+i p coincides with a character of the affine Kac-Moody algebra based on 
u(p + 1) at level r: Up to an overall normalization one has 



Z&wb, Q;r) = Y J E Q M(n, P) q n ~ c/24 Q P = Tr ( g W 24 qJo) > (5 . 48) 

where the instanton zero-point energy c = r x(M) is the central charge of a two-dimensional 
conformal field theory of r%(M) free chiral bosons with Virasoro generator Lq, the sums run over 
characteristic classes /3 = c\{8) and n = ch 2 (£) of an instanton gauge sheaf £ on the orbifold 
compactification M, and ^A/(n-, /?) are the degeneracies of BPS states with the specified quantum 
numbers. The right-hand side of this formula is the character of the integrable highest weight 
representation of u{p+ l) r corresponding to framing in the trivial representation of the associated 
orbifold group G = Z p+ i, i.e. r = (r, 0, . . . , 0). The operators Jo come from the generators of the 
Cartan subalgebra u(\) p+1 C u(p + 1). This connection can be strengthened in the realization of 
the instanton moduli space as a quiver variety ^#(n, r), wherein the gauge field (and consequently 
the partition function) has a somewhat intricate dependence on boundary conditions which we now 
describe in some detail. 

For brevity we specialize the discussion here to the case of U(l) gauge theory, where r = dim W = 1. 
Then there are p + 1 choices for the framing vector given by r = e a , where e a is the vector with 1 at 
entry a and zeroes elsewhere for a = 0, 1, . . .p. Physically this is a situation where the asymptotic 
gauge field can be any of the p+1 flat connections which label the boundary conditions. The framing 
depends on the one-dimensional representation p : G — > W of G = Z p+ i [ST]. Near infinity M looks 
like the Lens space L(p + l,p) = S 3 /G, so an anti-self-dual U(l) gauge field can asymptote to a 
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non-trivial fiat connection at infinity. Flat connections on S 3 /G are classified by their holonomies 
which take values in the fundamental group iri(S s /G) = G; whence a flat connection is labelled 
by a one-dimensional representation p G Homc(G, U(l)). If denotes the flat connection at 



infinity with holonomy £ a = e 



27ria/(p+l) 



, then the corresponding framing shifts the second Chern 



class cli2(£) by rational numbers related to the Chern-Simons invariant [SD] 



1 

4tt2 



A( a ) a d^ 



L(p+l,p) 



pa 
p + 1 



(5.49) 



We can group sums over monopole charges u £ IP into congruence classes modulo p + the non- 
trivial congruence classes correspond to the twisted sectors of the gauge theory with non-trivial 
holonomy at infinity. 



For the trivial sector with a = 0, the gauge theory partition function is given by (5.13). In this 



case, the condition that the ideal sheaf X in the decomposition (4.1 ) has vanishing first Chern class 



(5.46) is equivalent to the condition that each entry u a of the vector u = r + Cn vanishes. For U(l) 
instantons this condition is uniquely solved by r = eo = (1, 0, . . . , 0) and n = nS, since c\(JZq) = 



and 5 spans the kernel of the affine Cartan matrix. It follows from (5.47) that the instanton number 



n is then correctly reproduced by the second Chern characteristic class cl^CF) of the gauge sheaf, 
and as we have explained the moduli space 



Jl{n = n5,r = e ) = Hilb n (M) 



(5.50) 



is the Hilbert scheme of n points on M. In this context, the regular instantons on M are associated 
with the regular representation of the orbifold group G. 



We now describe the modification of (5.13) in twisted sectors. Since there is a bijective correspon- 



dence between geometrical instanton moduli spaces and quiver varieties, we can parametrize the 



sum over first Chern classes in (5.13) with a sum over the dimension vectors n and r to write 



1 



■u-C- 



fj( q )P+i 



or 



(5.51) 



where the sum over u runs over all values of n and r for which r) is non-empty, or equivalently 

over integer vectors n such that for any fixed asymptotic boundary condition parametrized by r the 
difference vector r — n belongs to an orbit of r under the action of the affine Weyl group [82] . 



Let us rewrite the partition function (5.51) in a manner which makes its relation to the characters 



of affine Lie algebras more transparent. For this, we rewrite the sum over u±, . . . , u p by introducing 
new variables 



m a = n a - n 



to get 



u a = r a + (Cm] 



ab 



for a = 1, . . . ,p 



(5.52) 



(5.53) 



which now involves the Cartan matrix — C. We prove that the new variables m a span the integer 
magnetic charge lattice T in the fractional instanton sector of the U(l) gauge theory for each fixed 
boundary condition r = e a . In this sector the instanton numbers no,n\, . . . ,n p are non- negative 
integers constrained by the equation 



= n ■ u = 2n a + n ■ Cn = 2n a + m ■ Cm 



(5.54) 



By solving this constraint we can express the integers n a as functions of the integers m a through 

rib = —\ m • Cm + mh — m a for b = 0,l,...,p, (5.55) 



29 



which are non-negative since the Cartan matrix is positive definite. Then the contribution to the 



partition function (5.51) from the twisted sectors can be written explicitly as 
zX e ( q ,Q;e a ) = q^W 1 -^-^ Qa Q Cm 



(5.56) 



for a = 0, 1, ... ,p, where we define Qo = 1- Similarly to [3H [33], this formula can be expressed in 
terms of the characters X\(qS z ) °f 3u(p + l)i at a specialization point z = ^ a x a associated to a 
level one affine integrable weight A; they can be written using string- functions and theta- functions 

as 

X^z)=Y^E^'(q)e^(q,z) , (5.57) 
V 

where 



A ' 



(?) 



and 



ej-(q,z) 



^ g |(« V +A) 2 e 2^i^-(a v +A) 



(5.58) 



a v eA v 



with A the finite part of A and A v the coroot lattice. For the fundamental weight A = A a and the 
coroot a v = Y^ a m o- a a with A a • = 5 a b, we find 



a 



m a m a+ i) +m a + 



a(p+l 



a=l 



2p 



and e 2-i^-(a v +A) = Qa Q 



Cm 



(5.59) 



with Q a : 

to the redefinition m 



e 27rlXtl , and hence the theta- function from (5.58) reproduces the series in (5.56) up 



—m. The remaining factor of the Dedekind function rj(q) 
comes from the Heisenberg algebra character associated to the extra 2(1) part of u(p+ l)i; it arises 
from integrating over the flat connections at infinity. This gives the Fock space representation of 



u{p + l)i such that (5.56) is its character. Moreover, via the McKay correspondence the Chern- 
Simons invariant (5.49) of the corresponding flat connection maps to the conformal dimension of 



the highest weight A a . 

In the higher rank cases, the analogous partition functions can be read off from the Poincare poly- 
nomial of the quiver variety ^f(v, w) which is computed in |52j . see also |44j . with the result 



Z g Iuge{q, Q', r) 



E 



X 



i)(q) r (p +1 ) 



H ®r(q,Q a y 



(5.60) 



a=0 



where the mapping between orbifold and resolution counting variables is given by q = £o £i • • • 
and Q a = (£x +a , . . .,Cp+a)- 

This result underlies the consistency condition that requires these partition functions to have the 
correct modular properties implied by S-duality. Nakajima proves that there is a natural geometric 
action of the affine Lie algebra u(p + l) r on the middle cohomology of the instanton moduli space; 



in particular the cohomology of (5.43) is a direct sum of certain highest weight representations of 

P on H mid < 



u(p+l) r determined by the framing vector r. Setting Lq = n and Jo = p on li L " L "{^^. r {M ) ) gives 
the action of the Cartan subalgebra of u(p + l) r , while the rest of the action of the affine Lie algebra 
is defined through operations of twisting vector bundles along the exceptional divisors of the orbifold 
resolution (corresponding to the action of conformal field theory vertex operators). Consequently 
the generating function of the Euler numbers of the instanton moduli space is identified with a 
character of u(p + l) r [771 |7S]; see ITS] for a review. The cohomology of the instanton moduli space 
will be discussed in 36.51 
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Hence the Af = 4 gauge theory is described via a matrix quantum mechanics which arises from 
the set of collective coordinates around an instanton solution; it is described by the generalized 
ADHM equations (5.41) which are determined via representations of the McKay quiver associated 
with the singularity. The instanton moduli space is the associated quiver variety, with prescribed 
topological data encoded in the representation theory variables. It carries a natural action of the 
associated Kac-Moody algebras at a certain level and its Euler characteristics are nicely organized 
into characters of the affine Lie algebra. 



6 Equivariant gauge theories on toric surfaces 

6. 1 Nekrasov functions 

We now turn to the problem of instanton counting in pure M = 2 Yang-Mills theory on M = C 2 
with gauge group U(r), and some of its extensions, which include the low-energy effective four- 
dimensional M = 2 supersymmetric gauge theories arising from dimensional reduction on a Calabi- 
Yau threefold; we follow the formalism devised by Nekrasov in [85]. These gauge theory partition 
functions are not quite the natural counterparts of the BPS partition functions we constructed in 
|§ but they are natural relatives of the six-dimensional N = 2 gauge theory that we will study in 
f|7] in the sense that the instanton moduli space integrals are defined as "volumes"; the difference 
is that here the (stable) fundamental cycle has positive dimension, so its volume is defined in the 
sense of equivariant integration. On the other hand, as a maximally supersymmetric gauge theory 
the partition functions of <^j7] compute the virtual Euler characteristics of the instanton moduli 
schemes; its counterpart in four dimensions is the N = 4 supersymmetric Yang-Mills theory which 
was treated in ^5j In a sense the six-dimensional cohomological gauge theory is a hybrid of the four- 
dimensional M = 2 and M = 4 gauge theories, and we will export techniques used to study both 
of them. From the six-dimensional perspective, the low-energy sectors of N = 2 gauge theories on 
a toric surface M arise as the tensor field theories of an M5-brane on the six-dimensional product 
manifold M x E, where S is the Seiberg-Witten curve; see e.g. |17j for a recent account. More 
generally, there is a large class of gauge theories which arise by compactifying coincident M5-branes 
on M x C, where C is a punctured Riemann surface and the Seiberg-Witten curve E is a branched 
cover of C; some of these theories are studied by [45J. This feature underlies the connection 
between these four- dimensional gauge theories and natural geometric representations of Heisenberg 
algebras and IF-algebras on the equivariant cohomology of the instanton moduli spaces within the 
framework of the AGT correspondence I1U2| . 

As before, the set of observables that enter into the instanton counting problem are captured by 
the topologically twisted M = 2 gauge theory; these observables compute the intersection theory of 
the (compactified) instanton moduli space. For computational purposes, one should further deform 
the gauge theory by defining it on a noncommutative space and in an appropriate supergravity 
background called the "il-background" . The noncommutative deformation can be regarded as 



modifying the moment map equations (5.31) that define the instanton moduli space; see |93j for 
an explicit description in the present context. The effect of the 0,- deformation is that the new 
observables are equivariant differential forms with respect to the isometry group of C 2 and the 
new BRST operator, whose cohomology determines physical observables, can be interpreted as an 
equivariant differential on the space of fields; this deformation thereby mixes gauge transformations 
with rotations. 



As in { 5.1 the relevant fields in the bosonic sector of the twisted gauge theory comprise a connection 
one- form A on a rank r vector bundle £ , and a complex Higgs field <j> which is a local section of 
the adjoint bundle of £. One can study the gauge theory equivariantly; the equivariant gauge 
theory is topological and localizes onto the moduli space of instantons ^#™^*(C 2 ). The instanton 
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partition function is called a Nekrasov function. It has an explicit dependence on the eigenvalues 
a = (oi, . . . , a r ) of the Higgs field eft which determine a framing of £ by a representation of the 
maximal torus \J(\) r of the gauge group, and the equivariant parameters e = (£1,62) for the 
natural scaling action of the two-torus T 2 on C 2 ; it can be written as 

00 

zf st (e, W )=£^zf (e,a;r) (6.1) 

ra=0 

where the counting parameter q again weighs the instanton number and is determined by the 
gauge coupling. The quantity Z~; (a, e; r) can be interpreted geometrically as a representative of a 
particular T 2 x U(l) r equivariant characteristic class of a bundle over the instanton moduli space; 
for the pure M = 2 gauge theory it is just the equivariant integral 

Z%\e,a;r)^ e = t 1 (6.2) 

defined by the pushforward to a point in equivariant cohomology; throughout we use the symbol 
<f to distinguish equivariant integration from ordinary integration. In contrast to the J\f = 4 gauge 
theory, where the instanton partition function gives the complete answer, here the full partition 
function ^£ uge (e, a; q; r) should also include a perturbative contribution which we will insert later 
on. 



By using the ADHM parametrization of the instanton moduli space from {5.3, the evaluation of the 



partition function of the deformed gauge theory is reduced to the computation of the equivariant 



"volumes" (6.2 ) of the instanton moduli spaces |TQ|, IT1] ; these volumes are computed via equivariant 
localization. The instanton moduli scheme ^#™^(C 2 ) is a fine moduli space; it is moreover smooth 
of dimension 2rn and the tangent space at a point corresponding to a torsion free sheaf £ on P 2 
is given by 

T [£] ^f(C 2 ) = Ext^ 2 {£ , £(-4o)) • (6.3) 

We may thus compute the volumes ( |6.2[ ) using the Atiyah-Bott localization theorem in the equiv- 
ariant cohomology ^(^^(C 2 )), whose coefficient ring is H*(pt) = C[ei, €2, ai, . . . , o r ]; here 
T := T 2 x U(l) r . This reduces the evaluation of the instanton measure Z^ 2 (e, a; r) to two steps: 
a classification of the fixed points of the T-action on the moduli space, and the computation of 
the weights of the toric action on the tangent space to the instanton moduli space at each fixed 
point. 

The classification of the fixed points was given by Nakajima-Yoshioka [80} I83j: it follows from the 
identification of the rank one instanton moduli space ^"^(C 2 ) with the Hilbert scheme of points 
Hilb n (C 2 ). The fixed points in this case are isolated point-like instantons which are in bijective 
correspondence with Young diagrams A = (Ai, A2, . . . ) having |A| = n boxes. For the U(r) gauge 
theory in the Coulomb branch where the eigenvalues a±, . . . , a r are all distinct, the problem reduces 
to r copies of the rank one case and the fixed points are parametrized by the finite set of length r 
sequences A = (A 1 , . . . , A r ) of Young diagrams of size |A | = Yli=i l-^'l = n - The localization formula 



then evaluates the equivariant integral (6.2) as 



*SW)--= £ euRi r^p) ] ■ (6.4) 



To compute the equivariant Euler class of the tangent bundle at the fixed points A in (6.4), following 
Nakajima-Yoshioka |80t [83] one introduces a two-dimensional T 2 -module Q to keep track of the 
geometric torus action, with weights U = e 1€i for i = 1,2. At a fixed point A of the T 2 x U(l) r 
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action we can decompose the vector spaces V and W introduced in the ADHM construction as 
elements of the representation ring of T to get 



Vv 



1=1 



{i,j)eX l 



ir x t 



and 



1=1 



ei 



(6.5) 



where e\ = e 1CLl . With this notation the fields (B\, B 2 ,I, J) corresponding to a fixed point config- 
uration [£] are elements (B 1 ,B 2 ) £ Endc(V^) <3Q, I £ Hom c (^, V x ), and J G Hom c (V^, W x ) ® 
/\ 2 Q- Using (6.3) we may describe the local structure of the instanton moduli space by the com- 
plex 

Kom c {V x ,V x ) ® Q 



Rom c (V x ,V xJ 



Homc(Wr,Vj) 



Bom c (V x ,V xJ 



A 2 Q 



•6) 



Rom c (V x , W x ) ® A 2 Q 

which is a finite-dimensional version of the Atiyah-Hitchin-Singer instanton deformation complex 



(5.4). The first map corresponds to infinitesimal (complex) gauge transformations while the second 



map is the linearization of the ADHM equation ( 5.31| ). In general the complex (6.6) has three 
non-vanishing cohomology groups; we can safely assume for our purposes that they vanish in both 
degree zero and two. Then the only non-vanishing degree one cohomology describes fields that 



obey the linearized version of the ADHM equation (5.31) but are not gauge variations; it is thus 
a local model for the tangent space Trgi^#™^ t (C 2 ). The weights of the toric action on the tangent 



space are given by the equivariant index of the complex (6.6), which can be expressed in terms of 
the characters of the representations as 



:h T {T x ^(C 2 ))=W x * 



v: ®w-. 



A 



A 



ht 2 



A 



Vt 



[i-h)(i-t 2 ) 
ht 2 



3.7) 



where the dual involution acts on the weights as t* = t^ 1 and e\ = ej l . To state the final 
result, let us recall some definitions which will be used throughout this section in combinatorial 
expansions of partition functions. Let A be a Young diagram. Define the arm and leg lengths of a 
box s = G A respectively by 



A x (s) = Xi-j 



and 



Lx(s) 



(6.8) 



where Aj is the length of the i-th column of A and A*- is the length of the j-th row of A. Define the 
arm and leg colength of s = respectively by 



A\(s) 



and 



1 



Then the character (6.7) can be expressed in the form [83] 

ch T (T x ^f(C 2 )) = £ eye? M% xl ,{t u t2) 



where 



Ll'=l 



M^,(t 1 M) = Y, t i LAs)t i x{s)+l +Y. ti x{s ' )+1 t 



,L x (s')+l.-A xl (s') 



(6.9) 



(6.10) 



(6.11) 



sex s'eA' 
for a pair of Young diagrams A, A'. The corresponding top Chern polynomial then yields the 



desired product of weights that enters the localization formula (6.4). One can thereby write down 



an explicit expression for the partition function of the matrix quantum mechanics that corresponds 
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to the instanton factor (6.1), with topological charge n that corresponds to the total number of 
boxes of A HaEOl. 



Finally the instanton partition function of the equivariant M = 2 gauge theory on C 2 can be written 



as 



z£ st (e,a;q;r) = £ g l*l zf (e,a;r)™ , 



(6.12) 



where the Euler classes computed via localization are 



Z9 (e, a; r)™ = U U P' ~ a < ~ L V 00 ^ + (4x« W + l) ^2 



-i 



x JJ (o,/-o J +(L A i(a') + l)ei-^(s / )e 2 j .(6.13) 

In the rank one case, the sum over Young diagrams A can be done explicitly with the remarkably 
simple result [EU §4] 

zZ t (e;q;l) = e^v , (6.14) 

in which we observe explicitly the dependence on the equivariant volume j> c2 1 = provided by 
the ri-deformation that regularizes the volume of the instanton moduli space. 

One can rephrase this computation in a fashion that is more suitable for extension to generic toric 
surfaces. Define the universal sheaf £ on C 2 x ^l^fC 2 ) with fibres 



£ 



[£] 



W © V® (S~ QS + ) 



(6.15) 



where are the positive and negative chirality spinor bundles. Its character at a fixed point 
is [H] 

ch r [£\ [g] )=W x -(l-t 1 )(l-t 2 )V x , (6.16) 
and with a slight abuse of notation one can formally write |66j 



ch T (r x ^7(c 2 )) 



C-' 



h T (^| [g] ) Ach T (<f v y Atd T2 (C 2 ) 



ch T (#| [£] )Ach T (^| [£1 ) 



[£]) 



[£}t 



J 



(l-ti) (l-ta) 



(6.17) 



where td T 2(C 2 ) is the equivariant Todd class. The integral in (6.17) is evaluated by localization 
with respect to the action of the torus T 2 on C 2 given by z% — > U z\ for i = 1,2. The only fixed point 
is the origin Zi = 0, and so in the second equality we are left with the character of the universal 
sheaf computed at the point x ^™ T st (C 2 ) which using equivariant integration can be expressed 
as a sum over the fixed points of the action of the torus T 2 x U(l) r on the moduli space, given by 
Young diagrams. Substituting (6.16) we easily find 

ch T (T x ^f(C 2 )) = 



W?<£> Wi 

A A 



l - ti) (i - 1 2 ) ht 2 x x ht 2 



(6.18) 



which reproduces exactly the character (6.7) up to the first term which is proportional to W^® W5 
and hence is independent of the partition vector A. 
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The first term in (6.18) is interpreted as the perturbative contribution. Expanding it as a power 



series in ti,t 2 and extracting the top Chern form gives a contribution to the partition function in 
the form of products of functional determinants 



n 

i,j=0 



x - i ei - j e 2 



(6.19) 



in the Higgs field eigenvalues x = a/ — ay. Double zeta- function regularization of this infinite 
product in the proper time representation gives the Barnes double gamma-function 



F 2 (x\ - ei, -e 2 ) = exp (7 ei , e2 (a;)) 



with 



ds 



s=0 



-t X 



, El t 



i)0 



. £2 t 



1) 



The leading behaviour for small ei, e 2 can be extracted from 



ei,£2-S-0 

We define the perturbative partition function as 



lim eie 2 ^e 1 ,e 2 {x) = -\\ogx + \x 2 . 



^pert( e > a;r)= ]~[ exp ( - j ei ,e 2 ( a l - ay)) 



Ll'=l 



(6.20) 
(6.21) 

(6.22) 
(6.23) 



Finally, one also has a classical contribution 



^L(e,a;g;r) = n^ /2eie2 



i=i 



(6.24) 



Altogether, one can define the full partition function ^£ 2 UKC (e, a; g; r) as the product of the classical 



part (6.24), the perturbative part (6.23), and the instanton piece (6.12); in the limit e\,e 2 — > 0, 



the quantity e\ e 2 log ^ a 2 uge (e, o,\ q; r) is the Seiberg-Witten prepotential of M = 2 supersymmetric 
Yang-Mills theory [85]. 



6.2 M = 2* gauge theory 

We will now describe the structure of other equivariant N = 2 gauge theory partition functions 



on more general toric surfaces, defering the technical details of their evaluation to ^6.4 We follow 
the treatment of Gasparim-Liu [36] where partition functions of general N = 2 gauge theories are 
rigorously derived for a certain class of toric surfaces using equivariant localization techniques on 
the instanton moduli spaces, and suitably modify them to correctly take into account contributions 
from non-compact divisors as explained in §5.1[ 



Consider first the deformation of the W = 4 gauge theory on a toric surface M obtained by turning 
on a mass parameter for the adjoint field hypermultiplet; this is called the N = 2* supersymmetric 
Yang-Mills theory on M. In this case, toric localization also involves the maximal torus of 
the U(l) flavour symmetry group whose equivariant parameter /i is interpreted as the mass of 
the adjoint matter field. In the context of the AGT correspondence, it should be related to some 
two-dimensional conformal field theory on a one-punctured torus. 
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The classical contributions on any Hirzebruch-Jung surface can be obtained from (6.24) by orbifold 
projection with respect to the action of the cyclic group G v ^ = Z p , yielding 



Z^'^^i;r)=Ul~ aV2peit2 ■ ( 6 - 25 ) 
l=i 



The perturbative contributions to the partition function are also straightforward to write down; in 
the notation of §6.1| they are given by 

Z™ rt (e, a, k r) = Z^ rt (e, a; r)™ Z^e, a, y; r)^ (6.26) 

where 

r 

Z*4t(e, a; r) gauge = ] [ exp ( - 7_ tu , u (a i - a v ) - ^ w ,u-kw{ai - a v )) (6.27) 
l,l'=i 

and 

r 

Zpf rt (e,a, / u;r) adj = exp (j- w , u (ai - a v + y) + 7u, )W -fc W (aj - aj/ + //)) , (6.28) 
M'=l 

where as before the vector a = (ai, . . . ,a r ) contains the Higgs eigenvalues in the Lie algebra u(r). 
The parameters w and u are the weights of the tangent and normal bundles under the toric action at 
a fixed point on a distinguished compactification divisor for M, disjoint from the other compact 
two-cycles of M, with k := (£oo,^oo)r > 0. 

In our prototypical cases of Hirzebruch-Jung surfaces, this class of examples encompasses the total 
spaces of the holomorphic line bundles P i(— p), p > 0, i.e. the minimal resolutions of A PjP / 
singularities with p' = 1 whose projectivization ¥ p is the p-th Hirzebruch surface; the case p = 2 is 
the Ai ALE space. In this case one has |46j 



w = ei , u = —62 and k = p . (6.29) 
Partition functions similar to those of this section are given in |16j . 

Let us now write down the instanton contributions to the N = 2* gauge theory partition function. 
The corresponding Nekrasov instanton partition functions on C 2 appear as the building blocks of 
those on M. They are given by 

^ 2 st (e,a^;g;r) = £ zf (e,a;r)™ zf(e, a, y,- r)^ , (6.30) 

A 

where 

r 

Zf (e,a,/x;r) ad J = [] (a,, - a, - L A ,,(s) d + (A x i(s) + l) e 2 + /*) 

U'=i seA' 

x JJ (a r - a, + (L a; (s' ) + 1) ei - V («' ) e 2 + /i) (6.31) 

s'e\ 1 ' 

represents the equivariant Euler class eulT X T M [T^-yrff™* (C 2 )) at the fixed point A. Note that 



1 

A 

l\ 



Z\ (e, o; r) gauge = — 2 . (6.32) 



As before the sum runs over r-vectors of Young tableaux A = (A 1 , . . . , A r ) having |A | = |^ 
boxes in total, which parametrize the regular instantons on M. The matter field contribution is 
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written for the adjoint representation of the U(r) gauge group; the adjoint matter fields are local 
sections of the adjoint bundle of the tangent bundle on the instanton moduli space. 

For the A p i spaces, the instanton partition function can be expressed as a magnetic lattice 
sum 



^inst( e i ; £ 2, a + eit?, /i; r) 



^£st( - ei , e 2 +pei , a + (e 2 +pei)u, /i; g; r) , (6.33) 



where the leg factors are given by 



n n ( a? ' - a « - ^ £ i - j £ 2 + ^) 

j=0 i=0 
ur—ui pj—1 

I I [~[ (aj/ - a/ + i ei + j e 2 + (j) , 

j=l i=l 



ui > u v 



m < u v , 



(6.34) 



1 



ui = uy 



and 



^(e,a)=4,(e,a, M = 0) 



(6.35) 



Here u = (u±, . . . ,u r ), with u = Yli U U parametrize the contributions from fractional instantons. 
When [i = 0, the perturbative contrib ution (6.26) is unity and the formula (6.33) reproduces r 
powers of the anticipated N = 4 result (5.15). On the other hand, the fi — > oo limit zf^ st (e, a,/z = 
oo;q = 0, Q; r)|^ 2(J=A gives partition functions for the pure N = 2 gauge theory on M Pj i (with 



regular counting parameter A) which amounts to dropping all numerator products. 



In the rank one case r = 1, the N = 2* instanton partition function (6.33) reduces to 



Z^ t (e 1 ,e 2 ,n;q,Q) 1) = 0^{q 1/p ,Q) ( Z^ t (e 1) e 2 ,/i;g; 1) z£L(-ei,e 2 + pe 1 ,fi;q; 1) 



where 



with 



Z£ t ( ei ,6 2 ,/x;g;l) = £ gl A l 2f ( ei ,e 2 ;l)™ zf (ei, e 2 , /x; 1)^ 



(6.36) 
(6.37) 



2f (ei,e 2)A t;l) ad j = J] ( - L A (s) e 1 + {A x (s) + l) e 2 + M ) ((L A («) + l) e x - A x (s) e 2 + /x) , (6.38) 
and 



Z A C ( ei ,e 2 ;l)^e 



2f (e 1 ,e 2 , Ai = 0;l) ad j 



(6.39) 



The factor involving the Jacobi elliptic function is proportional to the rank one M = 4 partition 
function (5.15), with the factor fj(q)~ 2 replaced by a product of two Nekrasov functions on C 2 . 
Using (6.14), the pure N = 2 gauge theory partition function obtained from (6.36) is given by the 

Zf*je 1 ,e 2 ,» = oo;q = 0, Q; 1)|^ 2 q=K = ^(A^Q) exp 



simple expression 



p A 



e 2 (e 2 +pei 



(6.40) 
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At the Calabi-Yau specialization ei + £2 = of the O-deformation, one has the remarkable combi- 
natorial identity [871 eq. (6.12)] 



y inst 



(-£,£, n; q; 1) = fj(qY 



with jl 



£ 



(6.41) 



and hence for the A± ALE space the partition function (6.36) with p = 2 at this locus takes the 
simple form 



Z inst(- e > £ >W<?,<2;l) = f)(q) 



2(^-1) 



# 3 (g 1/2 ,Q) 



(6.42) 



generalizing (5.15). 



The structure of the formula (6.33) generalizes to give the N = 2* partition functions on the more 



complicated toric resolutions of A PtP ' singularities withp' > 1, which can be written as combinatorial 
expansions based on the toric diagram A of M p y as in the case of the maximally supersymmetric 
gauge theory. There are x{M PtP >) = m + 1 copies of the Nekrasov partition function on C 2 for 
each of the regular instantons ("vertex" contributions), plus b2(M PjP >) = m contributions from the 
fractional instantons ("edge" contributions) on each exceptional divisor of the orbifold resolution, 
see |46} Prop. 5.11] for the general symbolic formula; such "blow-up formulas" have been developed 
recently in |17| based on physical considerations from M-theory within the context of the AGT 
correspondence. In contrast to the pure M = 4 gauge theory, the regular and fractional instanton 
contributions do not completely decouple in this case. This will be the generic situation for all 
(quiver) gauge theory partition functions computed below. The denominator factors arise from a 
localization integral over the Euler class of the tangent bundle on the instanton moduli space, while 
the numerator factors come from the Euler class of the vector bundles of which the matter fields 
are local sections. In the rank one cases, the instanton partition functions are always independent 
of the Higgs eigenvalues a, and the sum over monopole numbers u S 7L always factorizes out as 



in (6.36) when the matter field content involves only adjoint sections. 



6.3 M = 2, Nf = 2r gauge theory 

We will now compute the instanton contributions to the rank r partition function of N = 2 
supersymmetric Yang-Mills theory on M with Nf flavours in the fundamental matter field hyper- 
multiplet; the value Nf = 2r is selected by the requirement of superconformal invariance of the 
U(r) gauge theory. In this case, toric localization also involves the maximal torus of the U (2r) 
flavour symmetry group with equivariant parameters /2 := (fix, . . . , fi2r), where fif, f = l,...,2r 
are are interpreted as masses for fundamental matter fields. The gauge theory in this instance is 
conjecturally dual to some two-dimensional field theory of conformal blocks on a sphere with 2r 
punctures. 

The Nekrasov instanton partition function on C 2 will appear as the building blocks of those on M. 
They are given by 

2r 

Z^( e ,a,/J;g;r) = £ q^ zf(e, a; r)™ ft (e, a, W r) fund , (6.43) 

A /=1 



where 



Zf ( W/ ;r) fund = ;Q [] (a { -L^( fl )ei-A*,(*)€2 + M/) (6-44) 
1=1 sex 1 



and the product in (6.43) is a representative for the equivariant Euler class eulir X T- {%i,r ® ^2r)r a t 



the fixed point A, where Y nr is the Dirac bundle over the instanton moduli space (C ) and 
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V2r denotes the fundamental vector representation of U(2r). The matter field contributions are all 
written for the fundamental representation of the U(r) gauge group. If we wish the /-th matter 
field to instead transform in the anti-fundamental representation, then we should use the complex 
conjugate of the Dirac bundle Y nyT of which the matter fields are sections. This amounts to a shift 
fif — > e\ + €2 — /// so that 



z x ( e > a ^/; r ) 



Z% (e,a,ei +e 2 -/i/;r) 



(6.45) 



For the A p ^ spaces, the instanton partition function can again be expressed as a magnetic lattice 
sum 

1 2r r 

Z^ Bt (e,a,fl; q ,Q;r) = ^ q h S»=i u ? Q u JJ JJ JJ £f( e , a, [if) 

u(LV l^V h,n € > a ) f=l 1=1 

x z inst( £ i > £ 2 , a + eiu, fl;q; r) (6.46) 
x ^inst( - £ i > £2 +pei , a + (e 2 +pe 1 )u, fl;q;r) 



where 



£f(e,a, H ) 



-ui-l pj 

] J ] [ (a/ - i ei - j e 2 + fJ-f) , m < 
j=0 «=o 



n n + * £ i + j £ 2 + a*/) 
i=i i=i 



ui > 



(6.47) 



1 



= . 



The denominator factors above arise from a localization integral over the Euler class of the tangent 
bundle on the instanton moduli space, while the numerator factors come from the Euler classes of 
the Dirac bundles for the matter fields. 



Again in the rank one case r = 1, everything is independent of the Higgs equivariant parameters 
but in this case the partition functions still mix contributions from regular and fractional instantons 
as the monopole numbers shift the mass parameters in (6.44). At the Calabi-Yau specialization 
locus, one has the combinatorial identity [67j 



^Lt(- £ > £ 5 A'i ! M2;g;i) = (1-9) Al 



112 



with ft f 



(if 



(6.48) 



and the rank one partition function for the A\ ALE space can be expressed in the simplified 
form 



£ 2 3 l/4 - ..2 



(l-<?) 2 

l«l 2j-l 

n n (* ~ j ~ f* 1 ) (» - j - 



(6.49) 



i=i i=i 



where the products are defined to be 1 at u = 0. 
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6.4 Quiver gauge theories 



We will now explain how to derive the partition functions of this section. For this, we will study the 
moduli spaces of framed instantons in some detail; an ADHM-type parametrization of this space can 
be found in [SJ. Let ^#™|! r (M) be the moduli space of torsion free sheaves £ on M = M p> i of rank 
r, first Chern class (monopole number) c\(£) = /?, and second Chern character (instanton number) 
ch2(£ ) = n, which are trivialized on a line at infinity £oo = P 1 in M; it is proven in |46} [TBI [9] 
that ^^^. r {M) is a smooth quasi- projective variety which gives a fine moduli space of framed 
sheaves on ¥ p . There is a natural action of the torus T = T e x T tt on this moduli space, where 
T t = T 2 with equivariant parameters e = (€1,62) is induced by the toric action on the surface M, 
and T a = U(l) r is the maximal torus of the U(r) gauge group with equivariant parameters the 
Higgs eigenvalues a = (01, . . . , a r ). The T-fixed points £ G (^^"^(M)) are given by sums of 
ideal sheaves of divisors Di C M as 

£ =X 1 {D x )®---@X r {D r ) , (6.50) 

such that Xi{Di) =Ti® Om(Di) for some ideal sheaf X; of a zero-dimensional subscheme Z[ of M; 
fractional instantons are supported on Di with their monopole charges while regular instantons are 
supported on Z\. The T e -invariant zero-dimensional subschemes Z\ correspond to vertices and the 
T e -invariant divisors D\ to edges in the underlying toric diagram A of M; for M = M Pj i there are 
two vertices connected together by a single edge. Such a fixed point is therefore parametrized by 
a triple of vectors 

x = (Ai , A 2 , u) , (6.51) 

where A a = (A„, ...,A£) for a = 1,2 are Young diagrams corresponding to the Zi and u = 
(m, . . . ,u r ) £ 17 with u\ = ciipMiPi)) for I = l,...,r. These vectors are related to the in- 
stanton charges through [24j 

1 r 

(3 = u and n = I Ail + I A2I / uf (6.52) 

y 1=1 

with |A | := \\ l a \ and u := u\. 

We shall derive the basic building blocks for all instanton partition functions, which are called 
bifundamental weights. Following [231 [39], we consider the virtual bundle S n ^- r over ^#™I* r (M) x 
^™S r (M) with fibre over a pair of torsion free sheaves (£, £' ) given by the cohomology group 

£n,p-A{s,e>) = E 4„(^ £'{-loo)) , (6.53) 

where £'(—(00) = £' <8> 0m(~^oo)- By the Kodaira-Spencer theorem, the restriction $ n ,P;r \ a to the 
diagonal subspace A C J(^f. r {M)x^^f. r {M) coincides with the tangent bundle T^'^f. r (M), the 
sections of which are gauge and adjoint matter fields. If p\ : Jt^f. r (M) x J{™f. r {M) — > ■s^nf-r^M) 
denotes projection onto the first factor, then the push-forward pi*$ n ,i3\r coincides with the Dirac 
bundle ~Y n p. r , the sections of which are fundamental matter fields. 

We claim that S n ^, r is a vector bundle of rank dim(^ n | r (M)) on ^ n f. r (M) x ^^f. r (M). This 
follows from the following facts, which generalize the vanishing theorems of |46} Prop. 1]: 

• Since £,£' are sheaves on a surface all of their Ext0 M groups vanish for i > 2; 

• Since £,£' have the same trivialization at £00, their charges are the same: ch(£) = ch(<?'); 
in particular c\{£) = c\(£' ) and whence Homo M (£", £'(— £00)) = 0; 
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is a vector bundle on J{™f. T {M) x jZ^f. r (M) of rank 



Since M = M 2 ,i is Calabi-Yau, by Serre duality one has 

Ext^ M [£ , 8' (-too)) = Hom OA/ (£' , £(-£00)) = , (6.54) 
and similarly when Km 7^ 0, as in 

It follows that & n ,p;r 

dimExtk M (£ , £'{-loo)) = -x(£®£'®0Jif(-4»)) • (6-55) 

The Euler characteristic here can be computed by the Hirzebruch-Riemann-Roch theorem. Since 
ch(£) = ch(£'), the computation is exactly as in [46J, yielding 

cho(^) = dim J{™f. r (M) = 2 r n + (r - 1) /3 2 (6.56) 

where /3 2 = f M a{£) A c x {£ ) for £ € ^i%{M). 

On the "double" of the instanton moduli space ^ l ^. T {M) x ^™^. r {M) there is a natural action of 
the extended torus T = T e x T a x T a / , which acts as T t x T a on the first factor (T a / acting trivially) 
and as T t x T a / on the second factor (T a acting trivially). We want to compute the character of 
f in g ni p- r \, eei) at a fixed point {£,£') € (^£f. r (M) x ^ n | r (M)) T , corresponding to a pair of 
triples of vectors 

x = ( Ai , A2 , u) and x' = ( \[ , \% , u' ) . (6.57) 
Recalling that £ =T x (p 1 ) •• • ®Ir(D r ) and £' = T^D^ ) © • • ■ @X r (D' r ), we have 
chf $ n $;r I , g g , s = ch|, Ext^ M (£ , £'( — ^00)) 



^ ch f Ext^ M (^(A),4(^-^oo)) 

r 

2 ^ e,- 1 ch Tf Ext^ A/ (Zj(A) , " 4o)) 



(6.58) 



Ll'=l 



where e/ = e ia ' and e' z , = e ia *' for Z, Z' = 1, . . . , r. 

The computation of the T e character chx £ Ext£> (li(Di) , X'yiJD'y — £00)) is no different from the 
calculations of [HI [18] for the tangent bundle which has £' = £: We only need to keep track of 
prime labels on all quantities indexed by Z' here. Proceeding in this way, we arrive at 



\(£,S') 



Ll'=l 



The vertex contribution (by a calculation in Cech cohomology) is given by |46} Prop. 5.1] 



(6.59) 



(6.60) 



where M\ x ,(ti,t 2 ) is the weight decomposition (p. Ilk of the equivariant character on C . The edge 
contribution (by the Grothendieck-Riemann-Roch theorem) is given by |46t Prop. 5.5] 



Li p lf {ti,t 2 ) = < 





_1 pj 


E 


E 


3=0 


i=0 






E 


E< 




4 = 1 



(6.61) 



l 2 ' 



, 



Ui = u v 
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From these formulas we can read off the weights for the action of the torus TxTj,, with = U(l) 
the flavour symmetry group with equivariant parameter //, which defines the equivariant Euler 
class of the bundle $ n n- r \ we refer to it as a "bifundamental weight". We incorporate the orbifold 
compactification on -^oo/^p,i discussed in [18] which is analogous to that described for ALE spaces 
in £5.3 it multiplies divisors by the intersection number p under the linear equivalences of |24| 
which incorporate the contributions from non-compact divisors (see |18| Lem. 4.1]). In this way we 
arrive at the bifundamental weight 



Ai A2 u 

aV \z a 



,\ (6;a,a';/x) bif 

r 

Y[ tffi (e; a, a'; fi) 'i'J (ei , e 2 ; a + e\ u , a' + e% u ' ; (j) 



bif 



(6.62) 



Ll'=l 



x Z 



C 2 \l,l' 
A 2 ,A' 



ei , e 2 +pei ; a + (e 2 +pe\) u, a' + (e 2 +pei) «' ; /i) 



bif 



where 



iff (e;o,a';/i) 



II II — — ^ e i — i £ 2 + 

j=0 1=0 

n n ( a i' ~ ai + i ei + j 62 + $ ' 

j=i t=i 



1i/ > Uy 



U\ < Uy 



(6.63) 



1 



and 



~C 2 |M', / \ 



bif 



(aj, - a; - L A , ,/ (s) ei + (A x i (s) + l) e 2 + ^ 



(6.64) 



seA' 

x 



Y\ [a' v -ai + (L x i (s' ) + l) ei - A y ,> (s' )e 2 + fi 

6A' ! ' 



The bifundamental weights give the contributions of a matter field of mass fi in the bifundamental 
hypermultiplet which is a section of the bundle $ n B- r -, and hence is charged under the group 
U{r) x U{r). They are the building blocks for all instanton partition functions. The basic weights 
that we use are given by 



Ai A2 u 
Ai A2 u 



(e; a, a; fj,) 



bif 



^ g luge[Ai, \ 2 ,u](e;a) = Z^[X 1 ,X 2 ,u](e;a;0) 



Z fund^i^2,u](e;a;^) 



Ai A2 u 




(e;o,0;/i) 



bif 



(6.65) 



The instanton partition functions on M are generalizations of (6.1) given by generating functions 



for the stratification ^ r inst (M) = |J Q j£™f (M) of the symbolic form 



Z^ st (e,a,P;q,Q;r) = Y,q n Q^ <f 



char' 



TxT, t 



(6.66) 
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which involve equivariant integrals over characteristic classes charf X T£ obtained by suitable restric- 
tions of the Euler classes eul^ xT- (<# nj/ g ;r ) on the instanton moduli space. After application of the 
Atiyah-Bott localization formula for M = M P: i, the partition functions take the generic forms 

Z^ Bt (e,a,H;q,Q;r) = £ q&\+&\ £ qh H=i «? Q u wjf (e, a, /2) [A l5 A 2 , u] , (6.67) 



Al,A2 



where the weights Wj^ (e, a, ft)[\i, A 2 ,w] arise from localization integrals of ratios of Euler classes 
of the tangent and Dirac bundles over the instanton moduli space at the fixed points, and they 
depend on the particular quiver gauge theory in question which has N supersymmetries. The basic 
examples we have considered include 



A/"=4 



W^ =2 *(e,a,At)[Al, A 2 ,S] 



1 , 



^adj[*i»*2,M](e;a;/x) 
Zgau ge [Ai, X 2 ,u](e;a) 



Ai A2 u 




(e;a,-p; 0) 



bif 



which respectively reproduce the partition functions of £5.1, £6.2 and £6.3 and 

1 



W^ =2 (e,a)[A 1 ,A 2) «] 



lim 



Wy=2*( e ) a J M)[Ai,A 2 ,n] 



1 



^00 ^([Ail+IAaD 
for the pure M = 2 supersymmetric Yang-Mills theory on M Py \. 



Z g auge[Ai, A 2 , u](e; a) 



(6.68) 



(6.69) 



6.5 Representations of affine algebras 

Our equivariant partition functions may be formulated in a purely algebraic fashion that could help 
to elucidate the existence of natural geometric representations of infinite-dimensional Lie algebras 
on the cohomology of the instanton moduli space. Such representations were already discussed in 



{ 5.4 in the case of ALE spaces, and we will now sketch how they may arise in the classes of toric 



surfaces considered in this section. 

Let us begin by recalling some facts from equivariant localization theory that we will use in the 
following. Let ^# be a non-compact manifold acted upon by the torus T with finitely many 
isolated fixed points and let H'(^) = H'(^, C) be its T-equivariant cohomology. Let H = 
H'(^) <8>ij»( p t) -£f*(pt)frac> where H*(pt) = C[ei, e 2 , ai, . . . , a r ] and -ff*(pt)f rac is the localization 
of the ring fl^(pt) to its field of fractions, i.e. at the maximal ideal generated by e±, e 2 , a±, . . . , a r . 
Then the localization theorem in equivariant cohomology states that the restriction map 

#TM0 ®fff(pt) ffxCptOfrac — > #*(.# T )®ctff(pt)frac (6.70) 

is an isomorphism. Let i x : x ^ be the inclusion of a fixed point x 6 ,/# T . Then the push- 
forwards |x)) a := (t x )*l form a basis for the equivariant cohomology group H as a vector space 
over the field of fractions -ff|(pt)f rac . The complex vector space H becomes a Hilbert space upon 
introducing an inner product (— , — }j : H®H — > if*(pt)f rac defined by equivariant integration 
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where 2m = dim(^#) and the equivariant Euler class of the tangent bundle of d% can be computed 
in terms of the weights of the torus action on T x ^ as eulr(T x ^f) = \\_ w ^x w. The middle- 
dimensional (non-localized) equivariant cohomology HS lld (^#) is a vector space of dimension equal 
to the number of fixed points |^# T |, and the restriction of (— , —}j to H™ d (^) is non-degenerate 
and C-valued. Moreover, by the localization theorem and standard properties of equivariant inte- 
gration, the classes \x)) a for x £ form an orthogonal basis for if™ ld (^#) with 

a ((x\y)) a = (-ir £ ^f^^ = 5 ^ ^(T^)- 1 ■ (6.72) 

We apply these facts to the instanton moduli space Ji = ^# r mst (M) = |_| n/3 Ji™^. r (M) and the 
Hilbert space 

ft a = fl?(u*£g r (M)) ® c i^(pt) frac . (6.73) 

n,/3 



Fixed points x E are then parametrized by all triples (Ai,A2,tt) from £6.4 
products of fixed point states \x)) a = |Ai, A 2 ,M)) a are given by 



and the inner 



a ((Ai,A 2 ,M|A 1 ,A2,u / ))a = -^gluge[Ai,A 2 ,«](e;a) 1 6? r, 6? r, 5^/ . (6.74) 

1 ' 1 ^ ' 2 

We also introduce operators on T~L a whose eigenvalues give the grading into instanton numbers n 
and first Chern classes /3 through 

1 r 

L |Ai, Xz,u)) a = (|Ai| + |A 2 | + — £ ufj |Ai, A 2 ,«)) and Jo|Ai, A 2 , u)) = u |Ai, A 2 , . 

(6.75) 

Finally, following [23^ [5] we define intertwining operators determined by the bifundamental hyper- 
multiplet of fields through 



Ai A2 U 
A' ^2 



(e;a,a';iJ,) 



bif 



<«,|Ai,A 2> 5»«' = £ V r l V - ~ |%,A£,g'))„. (6.76) 

Zl,Xi,W ^gau ge [Ai, A 2 ,uJ(e;a / ) 

Then any quiver gauge theory partition function can be expressed in terms of suitable matrix 
elements of combinations of all these operators. For example, one has the trace formulas 

Sfegefa Q) r) = Tr Ha {q Lo Q J °) and < p st (e, a, M ; g, Q; r) = Tr Ha (*£ a Q J °) (6.77) 

for the instanton partition functions of the = 4 and M = 2* gauge theories, respectively. 

The simplifications of the rank one partition functions can also be understood from the ensuing 
simplifications of the equivariant cohomology of the instanton moduli space. For r = 1 the lo- 
calization torus is T = T f = T 2 and the natural factorization of the strata for rank one torsion 



free sheaves in (5.7) implies that ^# = Tx |_ln>o Hilb ra (M), where the magnetic charge lattice T 
is the Picard group of line bundles Pic(M) = H 2 (M, Z) = Z on M = M p %. The corresponding 
equivariant cohomology group is the Hilbert space 

00 00 

H = T M ® C[r] with T M = Tn := flf (ffilbn(M)) ® CM C(ei, e 2 ) , (6.78) 

n=0 n=0 
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whose fixed point basis states factorize according to |Ai,A2, u)) = | Ai, A2) © \u) with | Ai , A2) G 
^ n (Hilb n (M)) when |Ai| + |A 2 | = n. 

We will now elucidate the geometrical and algebraic significance of the bifundamental operators 
(6.76) in this case by regarding (6.78) as the Hilbert space of a free boson representation. For this, 
recall that there is a natural geometric action on the vector space J~m of the affine ti(l)©it(l) algebra 
associated to the cohomology lattice H*(M,Ij) = Z 2 , with the intersection product [51U78] . To any 
cohomology class 7 G H'(M, Z) one can associate a geometrically defined Nakajima operator 

a_ m ( 7 ) : i^(Hilb n (M)) — > H'+ 2m+dc ^- 2 (mb n+m {M)) (6.79) 

for m > 0; this operator is defined by its matrix elements with respect to the inner product ( 6.71| ) 

as 

(a_ m ( 7 )??,£} T := / r?A^ (6.80) 

for £ G T n and r] G F Tl+m , where J° n > n + m (^) c Hilb n (M) x Hilb n+m (M) is the incidence variety 
of relative ideal sheaves supported at a single point of M lying on the Poincare dual cycle to 7 in 
M. We also define 

a m ( 7 ) = (-l) m+1 a- m (7) t (6.81) 



where the adjoint operator on Tm is defined with respect to the inner product (6.71 ). The celebrated 
result of Nakajima [78] is that these operators satisfy the commutation relations of the Heisenberg 
algebra 

[a m (l) , aw( 7 ' )] = rn (7 , 7' } r <5 m+m ',o • (6.82) 

By Gottsche's formula for the Poincare polynomials of the Hilbert schemes of points Hilb n (M), 
this representation of u(l) ® tt(l) is irreducible; hence Tm is the bosonic Fock space representation, 
with vacuum vector 

|0) := 1 G i/#(Hilb (M)) . (6.83) 

Since points and divisors on M have vanishing intersection product, there is a natural splitting of 
the cohomology lattice H*(M, Z) = H°(A-I, Z) ©T. For the generator of the degree zero cohomology 
we can take any of the two torus fixed points i>i,i>2 G M; we will choose H°(M,Z) = Z[t>2] and 
denote 

a 2 m := a- m (v 2 ) : ^(Hilb n (M)) — > F; +2m - 2 (Hilb n+m (M)) . (6.84) 
These operators satisfy 

[«m ) a m>] = m 'Wm'.O • (6.85) 

The operators generated by divisors [D] G H™ ld (M, Z) = Pic(M) act on the middle-dimensional 
cohomology 

oo 

T M id :=0 tf 2n (Hilb n (M)) with a„ m (D) : tf 2 "(Hilb n (M)) — > ^ (n+m) (Hilb n+m (M)) . 

n=0 

(6.86) 

Denote the Nakajima operators associated to the T-invariant integral generator e 1 of the Picard 
group Pic(M) by := a m (e 1 ); they satisfy 

[ a m > «m'] = -f ^m+ m ',o and [a^ , a^,] = . (6.87) 

We denote a m (u) := a rn (u e 1 ) for u G Z and m G Z, so that 

[a m (n) , a m /(u')] = -j uu 5 m+m ^ . (6.88) 
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This decomposition coincides with the isomorphism induced by the localization theorem 



Tm = {Ft Vi m ® Ft V2 m) ®q ei)6a ] C(ei, e 2 ) (6.89) 

and the parallel factorization stemming from 

a m {l) = a ro (7(ui)) ® 1 + 1 ® a m (j(v 2 )) , (6.90) 

where each factor corresponds to the instanton moduli space on T Va M^C 2 and the one-dimensional 
oscillator algebra. This map is easiest to describe in the fixed point basis: Fixed points of Hilb n (M) 
are labelled by assigning a Young diagram A a to each fixed point v a £ M, describing the ideal sheaf 
X a of v a for a = 1,2, and the image of this point is (g> [I 2 ]- In particular, the partition basis states 
can be written as | Ai, A2) = | Ai) ® | A2 ) , where the natural basis for .F C 2 = © n>0 #*(Hilb n (C 2 ) T ) 
is given by 

1 *W 

|A) = — [] «_ A J0) with 3(A) = I] ^( A ) ! ( 6 - 91 ) 

d[ - A> 1 = 1 8>1 



and m s (X) is the number of parts of the partition A = (Ai, . . . , A^rn) with Aj = s; the Nakajima 
basis element corresponding to |A) is the cohomological dual to the class of the subvariety of 
Hilb| A |(C 2 ) with generic element a union of subschemes of lengths Ai, . . . , A^) supported at ^(A) 
points in C 2 . Note that the standard inner product in T-equivariant cohomology induces a non- 
standard inner product on Fock space after extension of scalars. The Fock space can be 
naturally identified with the ring of symmetric polynomials in infinitely many variables such that 
the Nakajima operators are represented as multiplication by the power sum symmetric functions. 
Under this correspondence |A) = S Fc 2 ®C[ei, e 2 ] is the integral form of the Jack polynomial 

with parameter a = —e\je% at the Calabi-Yau locus a = 1 the Jack polynomials specialize to 
Schur functions. This factorization essentially reduces the description to that of two copies of the 



C 2 results. In particular, using the factorization (6.62) of the bifundamental weights on M Pj i in 
terms of the bifundamental weights (6.64) on C 2 , the operator 



^(z) := z Lo ^ z~ L ° , z G C (6.92) 



defined by (6.76) can be written in terms of products of two U(l) Carlsson-Okounkov free boson 



vertex operators [23] on <g) F^p- . 

The tensor product with the group algebra C[T] gives the Fock space Fj^ d a T-grading into sub- 
spaces with fixed U{1) charge u £ T. The elements \u) G C[T] are called "zero- mode states" 
and they may be identified geometrically with the Chern characteristic classes ch(Of p (u e 1 )) = 
exp (ci(C]f p (ue 1 ))); the group operation on C[r] then corresponds to the tensor product of line 



bundles in the Picard group Pic(M). The grading operator Jo introduced in (6.75) commutes with 
all Nakajima operators a m (7), and a^Ju) = for a = 1,2. We may thus write the T-equivariant 
cohomology of the instanton moduli space in terms of its T-grading as 

H = Q)H U with Ti u = C[a_ m (7) | m > , 7 G H'(M,Z)] \u) , (6.93) 

where Jo\ Hu = u id Wu is the U(l) charge and L = ^ Jq + Ylm>o ot- m {l) a m {^) is the energy 
operator. 



Thus the cohomology H of the instanton moduli space carries an action of both the Heisenberg Lie 
algebra u(l) © u(l) and the group algebra C[r]. In fact, this implies that a much larger algebraic 
entity acts on J-f^ ld C[T], as it has the structure of a vertex operator algebra. For p = 2, the 
space of vectors of conformal dimension one in this algebra is naturally identified with the simple 
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Lie algebra su(2), and F™ ® ^[-H * s the basic Fock space representation of su(2)i; in this case 
the equivariant partition functions are matrix elements of operators in this su(2)i-module, and this 
gives a geometric explanation for the appearence of affine characters in §5,4| The algebraic basis 
for this equivalence is provided by Frenkel-Kac construction [73j . 

7 Six-dimensional cohomological gauge theory 

7.1 Instanton moduli spaces 

We now return to our original setting of Donaldson-Thomas theory from ^2] Donaldson-Thomas 
invariants have their geometric origin in the study of the moduli space of holomorphic bundles 
(or better coherent torsion free sheaves) on a Calabi-Yau threefold X. In this section we will see 
how under this perspective the enumerative problem can be reformulated as an instanton counting 
problem. The idea is to take the perspective of the D6-branes and its topological effective field 
theory. This effective field theory is described by a certain gauge theory which sees the D2 and DO 
branes bound to the D6-brane as topologically non-trivial ground states of the worldvolume gauge 
theory [35]. From this point of view Donaldson-Thomas invariants count generalized instanton 
configurations of this gauge theory: Computing Donaldson-Thomas invariants on a toric Calabi-Yau 
manifold is precisely a higher-dimensional generalization of instanton counting in four-dimensional 
supersymmetric Yang-Mills theory that was discussed extensively in previous sections. 

In the large radius phase, we can study bound states of r D6-branes with D2-D0 branes on X 
using the Dirac-Born-Infeld theory on the D6-brane worldvolume. For local Kahler threefolds X, 
the gauge theory describing the low-energy excitations of the D6-branes is a topological twist of 
maximally supersymmetric Yang-Mills theory in six dimensions with gauge group U (r) O [53] . 
Its bosonic field content consists of a gauge field A corresponding to a unitary connection = 
d + iA on a U(r) vector bundle £ — > X whose curvature two-form Fa = &A + A A A has the 

2 11 2 

complex decomposition Fa = F A ' + F A ' + F A ' , a complex Higgs field (p which is a local section 
of the adjoint bundle ad£ of £, and a (3,0)-form uj G 3 '°(X, ad£), together with various other 
fields which together define a six-dimensional gauge theory with N = 2 supersymmetry. The gauge 
theory is parametrized by the complex Kahler (1, l)-form t = B + i J of X and the six-dimensional 
theta-angle which is identified with the topological string coupling A = g s . 

This gauge theory has a BRST symmetry and hence localizes onto the moduli space ^#™ st (X) of 
solutions of the fixed point equations 

F 2 / = d A *u>, 

F^ 1 At At + u Aw = us t At At , 

= 0, (7.1) 

where us is proportional to the magnetic charge {c\(£),t A t)r of the gauge bundle £ — > X. The 
solutions of these equations yield minima of the gauge theory and we will therefore call them 
generalized instantons or just instantons. On a Calabi-Yau threefold we can consider minima 
where co = 0. Then the first two equations are the Donaldson-Uhlenbeck-Yau equations which are 
conditions of stability for holomorphic vector bundles £ over X with finite characteristic classes. 
To compute Donaldson-Thomas invariants, we restrict to bundles with us = 0, which is equivalent 
to excluding D4-branes from our counting of stable bound states (this is automatic if X has no 
compact divisors). Then these gauge theory equations describe BPS bound states of D6-D2-D0 
branes on X. 

In a cohomological field theory the path integral localizes onto the moduli space of solutions to 
the classical field equations, which in our case is the generalized instanton moduli space ^# r mst (X) 
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of holomorphic bundles (or torsion free coherent sheaves) £ on X. We decompose ^^ nst {X) into 
into its connected components ^^^. r {X) which are labelled by the Chern characteristic classes 
(cli3(£), cli2(£)) = (n,—f3). The path integral of the topological gauge theory can be precisely 
defined as a sum over the topologically distinct instanton sectors with an appropriate measure 
factor, which arises from the ratio of fluctuation determinants around each solution of the field 
equations. In topological field theories this determinant generically has the form of a particular 
characteristic class of a bundle over the moduli space; in our case this is the Euler class evl{jV n ^. T ) 



of the antighost or obstruction bundle JY n fa T — > ^™f. r (X). The partition function then formally 



Z x 



has the form 

, allge (g,Q;r)=V<f / eul(^ j/3;r ) . (7.2) 

From the gauge theory perspective we can understand the appearence of the obstruction bundle as 
follows. The local geometry of the moduli space (X) can be characterized by the instanton 

deformation complex |55l [TO] 



U°' l (X, ad£) 
n°' 3 (X, ad£) 



n°'°(X,ad£) — ^ n°> 2 (X,ad£) , (7.3) 



where £1°'°(X, ad£) denotes the bicomplex of C-differential forms taking values in the adjoint gauge 
bundle over X, and the maps C and Da represent a linearized complexified gauge transformation 



and the linearization of the first equation in (7.1) respectively. This complex is elliptic and its 



first cohomology represents the holomorphic tangent space to ^#™ st (X) at a point corresponding 
to a holomorphic vector bundle £ — > X with connection one- form A. The degree zero cohomology 
represents gauge fields A that yield reducible connections, which we assume vanishes. In general 
there is also a finite-dimensional second cohomology that measures obstructions, which is the 
obstruction or normal bundle jV t associated with the kernel of the conjugate operator D^ A . However, 
it is difficult to give precise meaning to the integral J^wpn evl{,jV r )- Below we will define it by 
using the formalism of equivariant localization when X is a toric manifold; in this case the toric 
action lifts to the instanton moduli space and the characteristic classes will involve the virtual 
tangent bundle T vir ^ nst (X) = TJi™^{X)Qjf r rather than the stable tangent bundle T^ nst (X) 
(which is generally not well-defined here). 

For rank r = 1 this auxilliary gauge theory reformulates Donaldson-Thomas theory as a (gen- 
eralized) instanton counting problem. The instanton multiplicities in the instanton expansion of 
the gauge theory path integral represent the Donaldson- Thomas invariants. Note that in principle 
we can keep the rank r arbitrary, since in this framework it simply corresponds to studying an 
arbitrary number r of D6-branes with a nonabelian U(r) worldvolume gauge theory. Therefore 
this gauge theory can in principle be used to also study higher rank Donaldson-Thomas invariants, 
about which only a few results are currently available. However, at present we only know how to 
make computational progress on the Coulomb branch of the gauge theory where the gauge symme- 
try is completely broken down to the maximal torus U(l) r by the Higgs field vacuum expectation 
values and the moduli space essentially reduces to r copies of the Hilbert scheme where localization 
techniques have been successfully applied. This is precisely the approach we used for instanton 
counting in four-dimensional gauge theories. 

An important issue which we shall not address here is that of stability conditions. Strictly speak- 



ing, the set of gauge theory equations (7.1) only describe stable D6-D2-D0 bound states in the 
"classical" large radius region of the moduli space. Stable BPS states of D-branes on the entire 
Calabi-Yau moduli space should be properly understood as stable objects in the bounded derived 
category D(X) of coherent sheaves on X. Different chambers of this moduli space should pre- 
sumably be accounted for by modifications of the gauge theory arising through a noncommutative 
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deformation of X via a non-trivial .B-field background, through non-linear higher derivative cor- 
rections to the field equations from the full Dirac-Born-Infeld theory on the branes, and through 
worldsheet instanton corrections. 



7.2 Singular instanton solutions 

We now explain how the instanton moduli space ^^^(C 3 ) can be realized as the moduli scheme 
of (generalized) n-instanton solutions in a six-dimensional noncommutative M = 2 gauge theory, or 
equivalently a particular moduli space of torsion-free sheaves £ on P 3 of rank r with cli3(£) = — n 
which are framed on a plane poo at infinity [26J . For rank r = 1, the only non-trivial solutions of 



the Donaldson-Uhlenbeck-Yau equations in (7.1 ) with ug = are necessarily singular. On X = C 3 , 
we can make sense of such solutions by passing to a noncommutative deformation C@ defined by 
Berezin-Toeplitz quantization of C 3 with respect to its canonical Kahler form w = ^ dzi A dzi, 
the trivial prequantum line bundle C — > X, and holomorphic polarization. Then the Hilbert space 
of geometric quantization T~L = H°(X,C) = ker5^ is the space of holomorphic sections of C where 
w = d$, and holomorphic functions on X are naturally realized as operators on T~L. The Toeplitz 
quantization map sends the local complex coordinates Zi, Zi of X to operators with the Heisenberg 
commutation relations 

[zi, Zj) = 5ij and [zi, Zj] = = [zi, Zj] (7.4) 
for i,j = 1,2,3. The Hilbert space % is isomorphic to the unique irreducible representation of the 



algebra (7.4) given by the Fock module 



H := C[zi,z 2 ,Z3]\0) = (J) C|mi,m 2 ,m 3 ) , (7.5) 

where the vacuum vector |0) is a fixed section in ker d$; the dual vector space is H* := (0\C[zi,Z2, £3] 
and the pairing is defined by (0|0) = 1. This deformation of X regulates the small instanton 
singularities of the moduli space ^ mst (X) := ^l nst (X). We then couple the noncommutative 
gauge theory to Nekrasov's fi-background by shifting the BRST supercharges by inner contraction 
with the vector field generating the toric isometries of C 3 given by the torus group T 3 = {t\ = 
e 1 £1 , t2 = e 1 £2 , £3 = e 1 63 ) ; this deformation provides a natural compactification of the instanton 
moduli space ^# mst (X) by giving it a finite equivariant volume ^> c3 1 = — ^ eg , and it localizes the 
instanton measure onto point-like contributions which are T 3 -invariant. 

Using the Toeplitz quantization map, we replace all fields of the six-dimensional cohomological 



gauge theory by operators acting on the separable Hilbert space (7.5). The noncommutative de- 



formation thus transforms the gauge theory into an infinite-dimensional matrix model, and the 



instanton equations (7.1) become algebraic operator equations for the noncommutative fields which 



have the "ADHM form" 

3 

[Zi , Zj] = 0=[zj,z]] and £ [Z l , zj] = 3 id n (7.6) 



i=l 



for i,j = 1,2,3, where the operators Zi := z% + iA^ are called "covariant coordinates" 



The vacuum solution of (7.6) has A = and can be represented by harmonic oscillator algebra 



as zf^ = Zi. Generic instanton solutions with non-trivial topological charges are given by partial 
isometric transformations of the vacuum solution Z. : For each fixed integer m > 1, let U m be a 
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partial isometry of the Hilbert space T~L which removes all number basis states \mi,m2,ms) with 
mi + m,2 + rn-3 < m from %. The instanton charge 



n := 



ch 3 (£) = -^ H (F A AF A AF A ) = Jm(m + l)(m + 2) (7.7) 



is then the number of states removed by U m in % with mi+m2 + m3 < m. The partial isometry U m 
isomorphically identifies the Hilbert space H with its subspace Hi m ■= I m (zi, z 2 , Z3)\0) , where 

I m (wi,w 2 , wa) = C^™ 1 w™ 2 w™ 3 \ m x + m 2 + m 3 > m) (7.8) 



is a monomial ideal of codimension n in the polynomial ring C[iOi, w 2 , As in (2.25 ), this defines 
a plane partition 



7r„ 



{(mi,m 2 ,m 3 ) G Z| | < 2 < 3 I m } (7.9) 

with |7r m | = n = ch 3 (£) boxes. The fi-background thus localizes the gauge theory partition function 
(7.2) onto T 3 -invariant noncommutative instantons which are parametrized by three-dimensional 



Young diagrams n. One defines the integrals over the Euler classes of the obstruction bundles 
via the virtual localization theorem in equivariant Chow theory, which extends the Atiyah-Bott 
localization theorem in equivariant cohomology from smooth manifolds to schemes (see e.g. |92| 
§3.5] for details in the present context). This gives 



00 



7 & (n) _^n eul(^, )^ 

n=0 vr:|7r|=n v ™' U v " 

One shows that the ratio of Euler classes evaluates to (—1)^1 at each fixed point it, and the gauge 
theory path integral thus exactly reproduces the anticipated MacMahon function 

4auge(<?) = M(-q) . (7.11) 

For r > 1, the instanton counting problem is also mathematically well-posed for an arbitrary 
collection of D6-branes in the Coulomb branch of the gauge theory. This branch is described by 
restricting the path integral over Higgs field configurations <f> whose eigenvalues a = (ai, . . . ,a r ) 
are all distinct; this breaks the gauge symmetry group from U(r) to its maximal torus U(l) r 
which acts by scaling the trivialization of the instanton gauge bundle £ on poo. In this case 
U{l) r noncommutative instantons correspond to coloured partitions tt = (tt\, . . . ,ir r ), which are 
r-vectors of three-dimensional Young diagrams 717 labelled by ai with |-7?| := ^ \tti\ boxes. After 



toric localization with respect to the torus T 3 x U(l) r , the gauge theory partition function (7.2) 
becomes 

TT 

This is the generating function for higher rank Coulomb branch Donaldson-Thomas invariants which 
was subsequently rigorously derived as a degenerate central charge limit of Stoppa's higher rank 
Donaldson-Thomas invariants for D6-D0 bound states |91j . The gauge theory in this branch does 
not seem to be dual to topological string theory nor to even enumerate holomorphic curves. 

Finally, the construction just outlined carries through to the case of a general toric manifold 



X using gluing rules which are completely analogous to those described in ^2.3 The relevant 
noncommutative deformations are described in [55], while a rigorous treatment of the geometric 
quantization of the toric variety as a Kahler manifold should deal with several subtleties including 
the "half- form correction", as explained in [60J; see [28} [93] for an alternative approach. The 
instantons sit on top of each other at each vertex v of the trivalent graph A encoding the geometry 
of X, and along the edges e representing the local C 3 coordinate axes where they asymptote to 
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four-dimensional noncommutative instantons on the associated rational curves. By employing the 
localization formalism on the instanton moduli space, the gauge theory path integral localizes onto 
a sum of contributions from three-dimensional Young diagrams associated with each vertex and 
a set of two-dimensional Young diagrams that arise when gluing together two plane partitions as 
a section of a common leg; the framing conditions map to a framing of the generalized instanton 
gauge bundle on a compactification divisor at infinity. For the rank r gauge theory in the Coulomb 
branch one finds |25 



Z^ nge (q,Q;r) = {-l) rD ^^ q D ^^} TJ (^jEF^i l A ^l IVI^ QpT=i |A '- el , (7.13) 



where 



r 



D{t v ,\ e } = Y Y K<i + Y Y Y K.* m ^ (J - 1) + 1) (7.i4) 

vertices v 1=1 edges e 1=1 (i,j)£\ e ; 

and the pairs of integers (m e x,m e 2) specify the normal bundles over the rational curves corre- 
sponding to the edges e of the graph A. For r = 1 it is straightforward to check that this partition 



function coincides with the large radius generating function (2.28) for the Donaldson-Thomas in- 
variants of X. Similar formulas for gauge theories on toric surfaces are developed in [86]. As in the 
four-dimensional case, possible descriptions of the partition functions of D6-D2-D0 bound states as 
quasi-modular forms seem to be rather subtle to deduce from the perspective of such combinatorial 
expansions. 



7.3 Counting instantons 

We have provided a complete classification of the T 3 x U(l) r critical points of the six-dimensional 
gauge theory in its Coulomb branch, which are all isolated and parametrized by r- vectors of three- 
dimensional Young diagrams n = (tti, . . . , ir r ). We will now sketch how to compute the quantum 
fluctuation determinants around each critical point. This can be done explicitly in an ADHM- 
type formalism which provides a concrete parametrization of the compactified instanton moduli 
space. 

It is customary in instanton computations to use collective coordinates to study the local structure 
of the moduli space, as we did in the four-dimensional case. This corresponds to taking the point 
of view of the field theory on the DO-branes which characterize the instantons, in contrast to the 
point of view of the D6-brane gauge theory we have been considering so far. To compute the virtual 



equivariant characteristic classes in (7.2), we use the local model of the instanton moduli space 
developed in [25j from the instanton quantum mechanics for n DO-branes inside r D6-branes on C 3 ; 
this is a rather powerful perspective since to apply toric localization we only need to understand 
the neighbourhood of each fixed point. We introduce two vector spaces V and W with dim!/ = n 
and dimVF = r, which represent respectively the gas of n DO-branes and the r D6-branes. For 
abelian gauge theory one can construct an explicit parametrization of the moduli space of ideal 
sheaves via the Beilinson spectral sequence, whose first term is 

E\' q = F s{p Poo ) ® Hi(F 3 , £{-r Poo ) ® n^(- PPoo )) (7.15) 

for any coherent sheaf £ on P 3 . By an appropriate choice of boundary conditions this spectral 
sequence degenerates at the E^-term, and the original sheaf £■ can be described as the only non- 
vanishing cohomology of a four-term complex; the associated conditions yield a set of mutually 
commuting matrices Bi E Endc(V^) for i = 1, 2, 3 plus stability conditions. This strategy is precisely 
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a higher-dimensional generalization of the ADHM construction of the usual instanton moduli spaces 



of four-dimensional gauge theories, as described in £5.3 in particular, in this case the vector spaces 
V and W are explicitly realized as certain cohomology groups of the original gauge sheaf E. The 
collection of commuting matrices modulo the natural adjoint action of the gauge group GL(n,C), 
together with a particular stability condition, parametrize the moduli space of classical solutions 
to the topological quantum mechanics describing the dynamics of the collective instanton degrees 
of freedom [TO] [71]. The fields Bi represent gauge fields on the DO-branes, whereas fields I € 
Homc(W, V) are associated with D6-D0 open strings whose role is to label the colours of the three- 
dimensional Young diagrams parametrizing the fixed points on the framed moduli space of coherent 
sheaves on P 3 . Other fields are necessary to close the equivariant BRST algebra and localize the 
matrix model on the generalized ADHM equations; see [25] for a complete treatment. 

Let Q = C 3 be the three-dimensional fundamental T 3 -module with weight (1,1,1). At the fixed 
points of the T 3 xU(l) r action on ^ inst (<C 3 ), a gauge transformation is equivalent to an equivariant 
rotation and we can decompose the vector spaces as elements of the representation ring of T 3 x U(l) r 
with 



i=i 



c-l 



1 43-1 t k-l 



and 



E 

i=i 



ei 



(7.16) 



regarded as polynomials in t\, t2, t% and ei := e ia; , I = 1, ... ,r. Each term in the weight decom- 
position of the vector space Vj? corresponds to a box in the collection of plane partitions %. 

Let us study the local geometry of the instanton moduli space around a fixed point n with corre- 
sponding commuting matrices £2, B3) G Endc(V^) ® Q and I £ Homc(Wff, V^). The equivari- 
ant complex 



Horned, Vj?) 



Hom c (F 7f ,y 7f )(g)Q 

e 
e 

Horned, Vz) © A 3 Q 



Hom € (y 7f ,y 7? ) 

e 

Homc(T^F, W# 



A 2 <2 



(7.17) 



is the matrix quantum mechanics analog of the instanton deformation complex (7.3); the first map 



is an infinitesimal (complex) gauge transformation while the second map is the differential of the 
equations [B^Bj] = that define the moduli space. In a similar way, its first cohomology is a 
local model of the Zariski tangent space to the moduli space at the fixed point jf, while its second 
cohomology parametrizes obstructions. The localization formula involves the ratio of the top Chern 
class of the obstruction bundle over the weights coming from the tangent bundle. The equivariant 
index of the complex (7.17) computes the virtual sum Ext^ © Ext^ © Ext^ of cohomology 



groups. We assume that Ext^ vanishes, which is equivalent to restricting attention to irreducible 



connections. The equivariant index is given in terms of the characters of the representation evalu- 
ated at the fixed point as 



ch T (rr^ t (c 3 )) = ^i®y Tf 



h *2 h 



+ V1 



(l-tl)(l-t 2 )(l-*3) 

h h £3 



(7.18) 



and the inverse of the corresponding top Chern polynomial yields the desired ratio of weights in 



(7.10) [571 ESI EE]; again the dual involution acts on the weights as t\ =t^ and e[ = e l 1 . In [25] 



it is shown that at the Calabi-Yau specialization e\ + e 2 + £3 = of the fi-deformation, the Euler 



classes in (7.10) coincide up to a sign given by 



eul(^ )0; r 



-l) r l*1 eul(T^^ r (C 3 )) . 



(7.19) 
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At an arbitrary point e = (ei, 62, £3) of the O-deformation, the classical part of the partition function 
can be computed in the noncommutative gauge theory and is given by |25^ §3.5] 

T 

Z£ s (6,a ;(? ;r) = n^ /6£ie2e3 , (7.20) 
1=1 

while the expression for the vacuum contribution in [251 eq. (3.51)] holds at all points in parameter 
space and gives the perturbative partition function 

«; r) = n ex P ( - I T (l-e^l-e^) (l-e^) ) ' ^ 

which should be properly defined using triple zeta-function regularization similarly to the four- 
dimensional case. For r = 1, the computation of the equivariant instanton partition function is the 
content of {691 Thm. 1] which gives 

Z^ c {e-q)=M{-q)-^^ , (7.22) 

where 

XT ,(X) = [ ch 3 (xf = (ei+£2)(£l + £3)(£2 + e3) (7.23) 

Jx e l £ 2 £3 

is the T 3 -equivariant Euler characteristic of X = C 3 , evaluated by the Bott residue formula. This 
formula is proven using geometric arguments from relative Donaldson-Thomas theory to develop 
an equivariant vertex formalism. An extension of this partition function to the Coulomb branch of 
the rank r gauge theory as a topological matrix model is considered in [8] and conjectured to be 
independent of the Higgs parameters a, analogously to (7.12). 

The simplicity of the Coulomb branch invariants in this case may be understood by rewriting them 
in terms of the more fundamental Joyce-Song generalized Donaldson-Thomas invariants DTfc(X) 
which are completely independent of the rank r of the gauge theory, as explained in |26^ [27] . In 
the present case they are defined through 

00 

^ g C au g e(9;0=:exp(-^(-l) fc ^rDT fc (C 3 )(-g) fe ) , (7.24) 

k=l 

and they lead to the generalized Gopakumar-Vafa BPS invariants BPS&(X) defined by 

^( c3 )= : Ei BPS ^( c3 )- ( 7 - 25 ) 

m\k 

The integers BPS^(X) count M2 brane-antibrane bound states in M-theory compactified on X x 
S 1 [19]. By using the exponential representation (2.35) with Q = 1, we find explicitly 

DT fc (C 3 ) = \ and BPS fc (C 3 ) = 1 . (7.26) 

m\k 

The physical interpretation of these invariants in terms of D-brane bound states is elucidated 
in m\. 
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8 Stacky gauge theories 



8.1 Generalized McKay correspondence 

We will now describe the enumerative problem of noncommutative Donaldson-Thomas invariants 
from ^3] as an instanton counting problem. This construction makes use of the generalized McKay 
correspondence for Calabi-Yau threefolds, and it is inspired by the relation between instanton mod- 



uli spaces on ALE varieties and the McKay quiver which we discussed in £5.3 We will consider 
singular Calabi-Yau orbifolds of the form C 3 /G and work on the noncommutative crepant resolu- 
tion. We shall find that in order to construct the noncommutative invariants we need to introduce 
a modification of the six-dimensional cohomological gauge theory, which we call a stacky gauge 
theory; we regard this gauge theory as the low-energy effective field theory on the D6-branes, 
where certain stringy effects have been added by hand. It turns out that these gauge theories are 
naturally suited to the problem of constructing G-equivariant instantons on C 3 , which will count 
G-equivariant closed subschemes of C 3 , or equivalently substacks of the quotient stack [C 3 /G]. 
As in the case of the ALE spaces, these instanton solutions depend sensitively on the boundary 
conditions at infinity. 



A generalization of the ordinary McKay correspondence of g5.2| was given by Ito-Nakajima 
for three-dimensional orbifolds of the form C 3 /G, where G C SL(3, C) is a finite group, and their 
natural smooth crepant Calabi-Yau resolutions given by the Hilbert-Chow morphism ir : X — > 
C 3 /G, where X = Hilbc(C 3 ) is the G-Hilbert scheme consisting of G-invariant zero-dimensional 
subschemes Z of C 3 of length |G| such that H°(Oz) is the regular representation of G; for simplicity 
we assume that G is abelian. Roughly speaking, the McKay correspondence in this setting is the 
statement that any well-posed question about the geometry of the resolution X should have a 
G-equivariant answer on C 3 . 

Consider the universal scheme Z C X x C 3 with correspondence diagram 

(8.1) 




and define the tautological bundle 

K:=p u Oz. (8.2) 

Under the action of G on Z, the bundle 1Z transforms in the regular representation. Its fibres 
are the |G| -dimensional vector spaces C[zi, Z2, z^]/I = H°(Oz) for the regular representation of G, 
where I C C[z%, Z2, Zs] is a G-invariant ideal corresponding to a zero-dimensional subscheme Z of 
C 3 of length |G|. Let Q be the fundamental three-dimensional representation of G C «S'L(3,C); if 
G acts on C 3 with weights (01,02,03) obeying a± + 02 + 03 = and p ai denotes the irreducible 
one-dimensional representation of G with weight Oj, then Q = p ai © p a2 © Pa 3 - The decomposition 
of the regular representation induces a decomposition of the tautological bundle into irreducible 
representations 

aeG 

where {p a } ae Q is the set of irreducible representations; we denote the trivial representation by po- 
The tautological line bundles 1Z a = Horndpa, 7Z>) form an integral basis for the Grothendieck group 
K{X) of vector bundles on X, where the bundle corresponding to the trivial representation is the 
trivial line bundle TZq = Ox- 
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Similarly, one can introduce a dual basis S a of the Grothendieck group K C {X) of coherent sheaves 
on the exceptional set 7r -1 (0), or equivalently of bounded complexes of vector bundles over X which 
are exact outside the exceptional locus 7r _1 (0) given by 



.(1)«E»V 

"6 



b<=G 



where the arrows arise from the decomposition of the maps A Q®K^ /\ l Q®K for i = 1,2,3 
induced by multiplication with the coordinates (zi, Zi, 23) of C 3 and 



A* Q ® Pa = (J) 4a Pb with Ha = dim Hom G (p& , f\ % Q ® Pa) 

bed 



•5) 



Since G is a subgroup of SX(3,C), one has a® = 5 a b and = a^. These multiplicities can be 
computed explicitly from the decompositions 



Q® Pa = G°oi © /0a 2 © Pa 3 ) <8> Pa = P ai +a © Pa 2 +a © /0a 3 +a 



which comparing with (8.5) gives 



«6 



i (2) 



-a 3 ■ 



(8.6) 



J.7) 



This definition relates the representation theory of G with the homology and K-theory of X, in 



particular the tensor product decomposition (8.5 ) with the intersection theory of X. For this, define 
the collection of dual complexes {5„ } ag g by 



e 

beG 



e 

6GG 



"2* 



As in ^ 5.2 we define a perfect pairing on K C (X) by 



(S,T)jrc = <H(S),T) 



A' 



ch(H(5)) Ach(T) Atd(X) , 



(8.9) 



which is a representation of the BPS intersection product (2.3) on the K-theory lattice of fractional 
brane charges. It follows that 

(5 a v , S b ) Rc = (~(S a v ) , S b ) K = £ ( - 5 ac + ai 2 c ) - a« + <7£ c , = a£> - a£ , (8.10) 

where we have used the fact that {7^o} feg (5 and {<S a } a£ Q are dual bases of K(X) and if c (X). This 
result underlies the relation between the tensor product decomposition (8.5) and the intersection 



theory of X, generalizing the pairing of £5.2 in complex dimension two which gave the extended 
Cartan matrix of an ADE singularity. 

The dual bases {lZ a } al -Q and {5 a } ag g of K (X) and K C (X) correspond, via the McKay correspon- 
dence, with two bases of G-equivariant coherent sheaves on C 3 [56]. The Grothendieck groups of 
G-equivariant sheaves on C 3 , Kg{C 3 ) and Kq(C 3 ) (with coherent sheaves of compact support), 
have respective bases {p a <g) 0<c 3 } ae g and {p a <g) 0o} ag g where Co is the skyscraper sheaf at the 
origin; the latter basis is naturally identified as the set of fractional 0-branes. All of these groups 
are isomorphic to the representation ring R(G) of the orbifold group G. 
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8.2 Instanton moduli spaces 



We now introduce the concept of a stacky gauge theory as a gauge theory on the quotient stack 
[C 3 /G], and study a moduli space of geometric objects which are naturally associated with the 
noncommutative Donaldson-Thomas enumerative problem. A stacky gauge theory is a sequence of 
deformations of an ordinary gauge theory on C 3 whose observables are determined by G-equivariant 
torsion free C C 3-modules on C 3 , i.e. G-equivariant instantons. We think of these gauge theories as 
describing the low-energy dynamics of D-branes on orbifolds of the form C 3 /G in a certain "orbifold 
phase" . They are realized starting from the ordinary maximally supersymmetric Yang-Mills theory 
on C 3 that was discussed in for the moment we discuss the £7(1) gauge theory, but below we also 
consider the non-abelian U(r) gauge theory in its Coulomb branch. One then considers the orbifold 
action of G which is a diagonal subgroup of the torus group T 3 C SL(3, C). Under this action, the 
Fock space of the noncommutative gauge theory is a G-module which decomposes as 

H = C[z 1 ,z 2 ,z 3 ]\0) = ®H a with U a = C\m 1 ,m 2 ,m 3 ) . (8.11) 

a£& ^ m i a i= a 

As a result the covariant coordinate operators Zi decompose as 

Z, = ^z\ a) with Z^ a) £ Rom c (n a , n a+ai ) (8.12) 



and the first of the instanton equations (7.6) becomes 



Partial isometries U m decompose accordingly and the resulting noncommutative instanton solutions 
are parametrized by G-coloured plane partitions tt = (^a) a( zQ, where (mi, 1712,1713) G ix a if and only 
if mi a\ + 771,2 a 2 + m 3 a 3 = o- 

These solutions are associated with a certain framed moduli space of torsion free sheaves £ of 
rank r and topological charge cli3(£) = n on the compact toric orbifold P 3 /G by an application 
of Beilinson's theorem. This describes the original sheaf £ as the single non- vanishing cohomology 
of a complex which is characterized by two vector spaces V and W of dimensions 77 and r which 
are G-modules, along with the set of tautological bundles constructed from the representation 
theory of G via the McKay correspondence that characterize the homology of the resolved space 
X = Hilbc(C 3 ). In particular the framing G-module W is associated with the fibre of £ at 
infinity. One discovers that the relevant moduli spaces can be described in terms of representations 
(V, W, B, I) of the framed McKay quiver Qg associated with the orbifold singularity C 3 /G, where 
B € Hornby, Q ®V) and I G Homc^TV, V). As before, the nodes of the quiver Qg are the vector 
spaces V a in the isotopical decomposition of V into irreducible representations p a of G, and there 
are aj^ arrows B between the nodes labelled by a, b G G satisfying relations; the dimensions 
n a = dim V a are associated with multi-instantons which transform in the irreducible representation 
p a . The new ingredients are the framing nodes which arise from the isotopical decomposition 
of the vector space W = © ag g W a <8> p* a into irreducible representations. The framing nodes 
label boundary conditions on the Higgs fields at infinity where the gauge fields are required to 
approach a flat connection; whence the gauge sheaf is associated with a representation p of the 
orbifold group G and the dimensions dimV^a = r a label the multiplicities of the decomposition 
of p into irreducible representations, with ^ a e<§ Ta = r ~ ^ ne arrows from the framing nodes 
correspond to equivariant maps I G Homc(M /r , V), which by Schur's lemma decompose into linear 
maps /(») eHom c (W a ,V a ). 
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This construction thus gives a correspondence between a certain class of sheaves £ and represen- 
tations of a framed McKay quiver. Moreover, from the complex derived via Beilinson's theorem 
one can express the Chern character of the original torsion free sheaf £ in terms of data associated 
with the representation theory of the orbifold group via the McKay correspondence as 



ch(£) = -chl(V®K(-2 Poo )) G ) +ch((F® /\ 2 Q* ®n(- Poo )) G 



ch 



(((V ®Q*eW)®K) G )+ ch((V ® ft( Poo )) G ) , (8.14) 



where the Chern classes ci(lZ a ) of the set of tautological bundles (8.3) give a basis of H 2 (X,1j) 
dual to the basis of exceptional curves in the crepant resolution X. In the algebraic framework the 
tautological bundles map to projective objects in the category of quiver representations. 

8.3 Counting instantons and orbifold BPS invariants 

To study the local structure of the instanton moduli space of the stacky gauge theory, let us now 
consider the instanton quantum mechanics which corresponds to taking the point of view of the 
fractional DO-branes which characterize the instantons. For this, we will linearize the complex 
obtained via Beilinson's theorem to construct a local model for the instanton moduli space. As 
before, the dynamics of the collective coordinates is described by a cohomological matrix model 
whose classical field equations are given by the orbifold generalized ADHM equations 

^(a+aj) g(a) _ ^>(a+a;) ^(a) ^ 



together with a suitable stability condition. The set of equations ( |8.15 ) arises as an ideal of relations 



in the path algebra A G of the McKay quiver Q G . This algebra is the noncommutative crepant 
resolution which "desingularizes" the orbifold singularity C 3 /G, in the sense that the centre of A G 
is isomorphic to the coordinate algebra C[zi, Z2, 23] x C[G] of the quotient stack [C 3 /G]. Then 
the generalized McKay correspondence dictates that the bounded derived category of coherent 
sheaves on the resolution X is functorially equivalent to the bounded derived category of (stable) 
representations of the McKay quiver. 

In the Coulomb branch of the topological matrix model, the BRST fixed points are parametrized 
by r-vectors of G-coloured plane partitions tt = (tti, . . . ,ir r ) with \tt\ = J2i = n boxes, where 
7T/ = ( 7r «,a) ag g with Y^i Kz.al = dim(V a ). Since the orbifold group G is a subgroup of the torus 
group T 3 , the fixed points onto which the matrix quantum mechanics localizes are the same as in 
the case of the affine space C 3 , the only difference being that one now has to keep track of the 
G-action. A local model for the moduli space near a fixed point of the action of the torus T 3 x U(l) r 
is realized by a G-equivariant version of the instanton deformation complex 

Hom G (F 7? ,F Tf ® Q) 

e Hom G (^, v$ ® A 2 Q) 

Hom G (y Tf ,y Tf ) > HomG(Wff,V*) (8.16) 



Horned, W ff ® A 3 Q) 



Horned, V*® A 3 Q) 
from which we can extract the character at the fixed points 



ch T (rrxiT(c 3 )) G = (w$*v 9 - + v* ® v , (1 - tl)( !: f ; )(1 - t3) ) G , (8.i 7) 

where U = e 1<Ei for i = 1, 2, 3. This yields all the data we need for the construction of noncommu- 
tative Donaldson-Thomas invariants which enumerate G-equivariant torsion free sheaves on C 3 via 
the McKay correspondence. 
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We can construct a partition function for these invariants from the local structure of the instanton 
moduli space. Neglecting the G-action, the two vector spaces V and W can be decomposed at a 
fixed point 7? = (tti, . . . , ir r ) of the T 3 x U(l) r action on the instanton moduli space as in (7.16). 
Each partition 717 carries an action of G. However this action is offset by the G-action of the factor 
e\ = e ia ' for I = 1, . . . , r which corresponds to the choice of a boundary condition on the gauge 
field at infinity. One still has to specify in which superselection sector one is working which is 
characterized by choosing which of the eigenvalues e\ are in a particular irreducible representation 
of G. Following [26], we define a boundary function b : {l,...,r} — > G which to each sector 
I = 1, . . . , r associates the weight b(/) of the G-module generated by the eigenvalue e\. The relation 
between the instanton numbers and the number of boxes in a partition associated with a given 
irreducible representation is then given by n a = Xw=i l 7r /,a-b(ol- The contribution of an instanton 



to the gauge theory fluctuation determinant can be now derived from the local character (8.17) of 
the moduli space near a fixed point at the Calabi-Yau specialization t\ £2 £3 = 1 of the ^-background; 
it is given by (-l) K a(^r,b) ^ with jjg] 



^l,a\ y !" /'.n+bl / )-bi /' 1-n 1 '' /'.11-i-bi / )-b(7' s~«, 

1=1 aGG M'=l aeG 



l 7r «',a+b(Z)-b(«' )-a 2 I + l 7r «',a+b(/)-b(«' ) l) (8.18) 



where the |G|-vector r = (r a ) ag g = (dimW a ) ag g parametrizes the number of eigenvalues of the 
Higgs fields ei which correspond to a particular irreducible representation p a of G. For rank r = 1 



and the trivial framing, the sign factor (8.18) coincides with that of |2(Jl Ex. 23] which was computed 



geometrically using techniques of orbifold Donaldson-Thomas theory. From (8.14) we can read off 
the fixed point values of the pertinent Chern characteristic classes 



Ch2(^,f 



ch 3 (£,j 



a,beG 



1=1 



1=1 ' 



.19) 



Y ((rbSab - {a-ab - a-ab) Y Kb-W)\) ch 3 (TZ a ) + 7^ K b _ b(0 | 1 
a ,bed V 1=1 II 



I. 



+ a 



(2) 
ab 



Mob) Y i 7r «,fe-b(ol ( c i(C^(poo)) A ch 2 (7?. a ) 



l=i 



+ c 1 (K a ) Ach 2 (O x (p c 



where the choice of boundary condition b enters not only explicitly in the dimensions r a , but also 
implicitly in the plane partitions. 

Finally the instanton partition function for noncommutative Donaldson-Thomas invariants of type 
r is given by 

^S^ ] (9,Q;r-) = E(- 1 )' CG( " >) 9 ch3( ^ ) ^ ch2{ ^ ) . ( 8 - 2 °) 



where the counting weights are naturally expressed via (8.19) in terms of intersection indices on the 
homology of the crepant resolution X = Hilbc(C 3 ), via the McKay correspondence, which can be 
determined from the toric graph A of X. However it is computed via the G-equi variant instanton 
charges that characterize the noncommutative Donaldson-Thomas invariants, which are the relevant 
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variables in the noncommutative crepant resolution chamber: As shown in [26, 27J, there exists 
a simple change of variables from the large radius parameters (q, Q) to orbifold parameters p = 
(Pa) a£ Q with IlagG Pa = 1 suc ^ that the gauge theory partition function assumes the form 

&( P ;r) = £(-1)^ II p£ Li ki ' a ~ b(01 > (8-21) 

* aeG 



which should be compared with the BPS partition function (3.6) associated with the McKay 
quiver Qg- 

In this way the instanton counting problem yields the orbifold Donaldson-Thomas invariants defined 
in |105| for ideal sheaves and more generally in [57J. For this, we associate to our framed quiver 
Qg the representation space 

Rep G (n, r) = Rom G (V, Q <g> V) Hom G (V, A 3 <9 ®V) @ Hom G (W, V) , (8.22) 

and let Rep G (n, r; B) be the subvariety cut out by the G-equivariant decomposition of the matrix 
equations ( 8.15[ ), which generate the ideal of relations in the instanton quiver path algebra A G . 



This allows us to define the BPS quiver moduli space as the quotient stack 

Jfc{n,r) = [Rep G (n,r;B) j ]J GL(n a ,C)} (8.23) 

aeG 

by the gauge group which acts as basis change automorphisms of the G- module V; we regard 
this stack as a moduli space of stable framed representations, where every object in the category 
of quiver representations with relations is O-semistable [57^ §7.4]. Noncommutative Donaldson- 
Thomas invariants may now be defined using Behrend's weighted topological Euler characteristic 
which can here be identified explicitly as 

DT n , r (Ao) = x{^G(n,r) , v Aa ) = £ (-i)Ko(^) > ( 8 . 24 ) 

X '■ J2l \^l,a-b(l)\= n a 

where v/\ G : ^g{tl, r) — > Z is an invariant constructible function. In the rank one case r = 1, these 



invariants coincide with the invariants given in (3.7). 



Note that the collective coordinate dynamics is determined in terms of cyclic Ac-modules V, i.e. 
V = Acv a is generated by the action of the path algebra A G of the quiver on a reference node 
v a £ V a . Hence the moduli space of O-semistable Ac-modules parametrizes the a-cyclic modules, 
or equivalently finite-dimensional quotients of the projective Ac-module P a = e a A G of dimension 



vector n [72]. The choice of boundary function b in (8.24) labels a superselection sector in the 
space of states of the worldvolume gauge theory. In the framework of [89], it determines how 
cyclic modules of the framed McKay quiver are based and therefore the particular enumerative 
problem; in this setting, a choice of reference vertex v a for the counting is simply a choice of 
asymptotic boundary condition on the instanton gauge fields. However, all invariants DT^^A^) 
are equivalent, as they can all be expressed in terms of the same set of quiver invariants which are 
independent of the boundary conditions [57j; this feature nicely agrees with physical expectations 
of the noncommutative BPS invariants. See [261 EZ] for further details of the properties of these 
invariants. 

8.4 Closed topological vertex geometry 

Let us consider the explicit example C 3 /Z2 x Z2 following [26] . The orbifold group G = 7Li x Z2 
contains the identity go plus three elements gi,g2,93 acting on C 3 with respective weights 

ai = (1,1,0), 02 = (1,0,1) and a 3 = oi + a 2 = (0, 1, 1) . (8.25) 
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The framed McKay quiver Qz 2 xZ 2 is given by 




and the natural crepant resolution X = Hilbz 2X g 2 (C 3 ) is the closed topological vertex geometry 
whose toric diagram A consists of four vertices joined pairwise by three edges with corresponding 
Kahler parameters denoted Qi, Q2 and Q3. Then the rank one instanton partition function of the 
quotient stack [C 3 /Z2 x Z2] for the trivial boundary condition r = (1, 0, 0, 0) is given by 

42? 2XZ2 W,P2,P 3 ) = J2(-l) M+ln2l+M P H ^ iI ^ 2I p!T 31 , (8-27) 

7T 

where the change of variables given by 

P = P0P1P2P3 = q 5/8 Q1Q2Q3 , 

Pi = <T 1/2 QJ 2 QJ 2 , 

P2 = q~ 1/2 QfQz 2 , 

P3 = q~ 1/2 Qi 2 Q 2 2 (8.28) 

is the mapping between fractional DO-brane charges, corresponding to each configuration repre- 
sented by a 4-coloured plane partition, and the D2-D0 charges on X. In this case, the Donaldson- 
Thomas partition functions of [C 3 /Z2 x Z2] and its natural crepant resolution X = Hilbz 2 xZ2(C 3 ) 
are related through 

Z£^ 2XZ2] (P,P1,P2,P3) = M(- P y 4 Z^(p, Pl ,p 2 ^)Z^{p^\p 2 \p z l ) (8.29) 

where the topological string partition function is given by 

7 x ( \ n4 M(pip 2 ,-p)M(pip 3 ,-p)M(p 2 p3,-p) , QQn , 

Z top (p,Pi,P2,P3 ) = M(-p) — — — — — — — -. 8.30 

p M(p 1 ,-p)M(p2,-p)M(p 3 ,-p)M(p 1 p 2 p3,-p) 

Here the variables p±, p 2 and p 3 correspond to the basis of curve classes Y (D2-branes) in X and 
p to the Euler number x{Oy) (DO-branes). The stacky gauge theory on [C 3 /Z2 x Z2] thus realizes 
the anticipated wall-crossing behaviour of the BPS partition function Z B p 2 g xZ2 (p), connecting the 
orbifold point with the large radius point in the Kahler moduli space through collapsings of two- 
cycles in the resolved geometry. 
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8.5 Noncommutative mirror symmetry 



Recall [54) that the mirror manifold X of a toric Calabi-Yau threefold X is defined by an equation 
of the form 

uv + P A {z,w;t) = (8.31) 

where u,v G C, z,w £ C x , and P/±(z,w;t) is the Newton polynomial whose monomial terms 
z n w m are constructed from the vertices (n, m) S Z> of the toric diagram A of X. The mirror 
B-model topological string theory is described by a Landau-Ginzburg model whose superpotential 
W : X — > C is a functional of the Newton polynomial 

On the other hand, the formalism we have outlined in this section computes BPS states in the 
noncommutative crepant resolution chamber of the Calabi-Yau moduli space. In this region the 
geometry is replaced by the path algebra of a certain framed quiver, where the framing nodes are 
associated with non-compact D6-branes wrapping the full Calabi-Yau threefold. It is natural to 
ask how this picture behaves under mirror symmetry. This question was partly addressed in [90j, 
where it was shown that the q — > 1 limit of the BPS partition function is captured by the genus zero 
topological string amplitude of the mirror manifold. It would be interesting however to examine 
directly what is the analog of the noncommutative crepant resolution on the mirror side, and if one 
can set up the BPS state counting problem there. 

A possible avenue of investigation is the proposal of [TS], where the proper object to consider 
on the mirror side would be the wrapped Fukaya category constructed in [1], whose objects also 
include non-compact Lagrangian submanifolds which are mirror to the non-compact D6-branes. 
The proposal of [15] consists in looking for an appropriate full subcategory of the wrapped Fukaya 
category, precisely as here we are considering the category of quiver representations which can be 
regarded as a subcategory of the derived category of coherent sheaves. This subcategory is con- 
structed using a certain dimer model, i.e. a quiver with superpotential on a Riemann surface whose 
Jacobi algebra is a noncommutative 3-Calabi-Yau algebra. It would be interesting to understand 
the relation between this dimer model and our framed quivers. If one neglects the framing, we 
expect the two pictures to be related by the dimer duality of [ID] . The framing nodes introduce ad- 
ditional complications; in particular it is not clear what would be the analog of the noncommutative 
invariants DT^^A^). 



9 Instantons and the special McKay correspondence 

9.1 Special McKay quivers 

So far we have shown how (generalized) instanton moduli spaces are deeply related with moduli 
spaces of quiver representations. This is true for toric Calabi-Yau twofolds and threefolds, where 
we have set up the instanton counting problem. It is natural to wonder how this picture can be 
generalized. In this final section we will discuss a possibility in this direction by considering more 
general singularities of the form C 2 /G where G C GL(2,C). The resolutions of these singular 
orbifolds are just the Hirzebruch-Jung surfaces from §4.3| The construction of instanton moduli 
spaces on generic Hirzebruch-Jung surfaces is an open problem. The extension of the formalism 



discussed in {6 A only holds for the resolutions of A P: ± singularities; in fact this family only includes 
the A± ALE space, whose instanton moduli space and partition functions were singled out with 
distinctive special properties, whereas all ALE spaces can be treated using the formalism of quiver 



varieties from §5.3[ which was also the approach taken in {8.3 to construct instanton moduli spaces 
on singular orbifolds in six dimensions; a monadic parametrization of framed moduli spaces on A p ^ 
resolutions is developed in [9] which may lead to a suitable reformulation as a topological matrix 
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model. Hence we suggest that the problem should be addressed within the framework of the special 
McKay correspondence, which we shall now describe. 

The main issue in the general case is that there are more irreducible representations of the orbifold 
group G than there are exceptional curves (fractional instantons) in the resolution M, as is wit- 
nessed by the A p \ singularities with p > 2 for example; hence we lose one of the main features that 
tautological bundles in crepant resolutions form an integral basis of K(M) dual to the exceptional 
divisors. There is however a canonical set of tautological sheaves which are dual to the exceptional 



set with respect to the intersection pairing (5.12) on Chow theory, and which are called special; 



similarly, we will define special representations to be those representations of G whose associated 
tautological sheaf is dual to a rational curve in the exceptional set. This suggests that the con- 
struction of the instanton moduli space should be rephrased in terms of special representations 
alone, in order to correctly obtain the appropriate mapping between fractional 0-brane charges on 
the orbifold and D2-D0 brane charges on the resolution; the special McKay quiver is constructed 
out of the special sheaves. 



Consider the universal scheme Z C M pp > x C with correspondence diagram 




(9.1) 



and define the tautological bundle 

lZ:=p u O z . (9.2) 

Under the action of G = G PtP > on Z, the bundle 1Z transforms in the regular representation and 
can thus be decomposed into irreducible representations as 

n = ^« ® P« ( 9 - 3 ) 

ae<5 

where {/0 a } ag g is the set of irreducible representations of G = 7L p . 

Being a pullback of reflexive sheaves, the tautological sheaf satisfies the cohomological condition 
H l (M,1Z v ® Km) = 0. The special sheaves are the tautological line bundles 1Z a which obey 
H l {M,TV^) = 0; we will reserve the notation £, for the special sheaves. Note that when M 
is Calabi-Yau all tautological bundles 1Z a are special. The line bundles d, together the trivial 
line bundle Co = Om, form an integral basis of the K-theory group K(M) of vector bundles on 
M = M P:P i which are dual to the exceptional set |101| . i.e. f D c\{Cj) = 5ij. A stronger result 
actually holds: The direct sum 

m 

W = d (9.4) 

is a tilting bundle (98] and consequently the set {A}i>o forms a full strongly exceptional collec- 
tion [HUl Prop. 6.6]. The associated functor Homo M (>V, — ) induces an equivalence between the 
bounded derived category D{M) of coherent sheaves on M p>p i and the bounded derived category 
53(A) of representations of the tilting algebra A = Endo M (W). 

To rephrase the special McKay correspondence as an equivalence of derived categories, Craw in- 
troduces in [29] the bound special McKay quiver (Q p y,R) as the complete bound quiver of the 
exceptional collection L%\ its path algebra coincides with the tilting algebra A. In particular this 
means that the nodes of the quiver correspond to the special sheaves, while the arrows and relations 
can be read off from the cohomology groups of tensor products of the bundles Ci. Craw proves 
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in |29j that the resolution M PjP i is isomorphic to the fine moduli space of stable representations of 
the special McKay quiver with a particular dimension vector; whence this quiver plays the same 
role that the ordinary McKay quiver played for A p singularities. 

The relation between the special McKay quiver and geometry is even more clear in its explicit 
construction, due to Wemyss 100 . which generalizes that of the ordinary McKay correspondence. 
The derived equivalence between left A-modules and coherent sheaves on M has a stronger form, 
proven by van den Bergh (98], which is encoded in the commutative diagram 

T> (M) > 35(A) (9.5) 

A 

«P(M) > £DTod(A) 

where the vertical arrows are inclusions of subcategories, and the subcategory *p(M) of perverse 
coherent sheaves on M consists of objects satisfying certain conditions on their cohomology sheaves; 
for our purposes we can regard ty(M) as the subcategory into which the module subcategory 
dJlod(A) is mapped by the derived equivalence. In particular, the fractional 0-brane simple modules 
Dj, i = 0, 1, . . . , m in Wlod(/\) are mapped to the objects 

O D0 , Dl (-l)[l] , ... , Dm (-l)[l] , (9.6) 

where Dt, i = 1, . . . , m are the exceptional curves corresponding to the special representations and 
the fundamental cycle Dq = YliLi D% corresponds to the trivial representation of G; note that 



n = x(0D o ) = by (4.10). This relation translates algebraic problems into geometric ones. In 
particular, we can reduce the problem of finding the arrows and relations of the special McKay 
quiver, i.e. of computing the dimensions of the groups Ext? (Dj, Dj) between the simple represen- 



tations Dj, to a problem in algebraic geometry. The numbers of arrows and relations are given by 

'J 



the dimensions of the cohomology groups bj 1} := dimExti(Di,Dj) and bg } := dimExt^(Dj, Dj 
respectively, with |100j 



Ext^D^D,) = Ext^(^(-1),0 D .(-1)) , 

Ext| (Dj, Dj) = Ext 2 OM (0 Di (-l),0 D .(-l)) , 

Exti(D ,D ) = Extlj M (0 Do ,0 Do ) , 

Ext2(D ,D ) = Ext 2 OM (0 Do ,0 Do ) (9.7) 

for maps between vertices i,j ^ or between vertex and itself. These are the maps between 
objects of the same degree. The remaining arrows and relations occur between objects of different 
degree with 

Ext^D^Do) = Ext^ M (O O0! O A (-l)[l]) = Ext^ M (0 Do ,0 A (-l)) , 
Ext^D^Do) = E^ M [O D0 ,O Di (-l)[l\) = Ext^ M (O D0 ,O A (-l)) , 
Ext^Do,^) = Extk M (0 A (-l)[l], O D0 ) = Hom OM (0 Di (-l), Do ) , 
Ext|(Do,D,) = Ext^ M (O A (-l)[l],O D0 ) = Ext^ M (O A (-l),O D0 ) . (9.8) 

To construct the quiver Q p y, one draws a node for each summand of the tilting bundle W, corre- 
sponding to the divisors Dq, D±, . . . , D m . There is also a canonical cycle Yk defined by 

(Y K , A)r := -{K M , A)r = (A, A)r + 2 . (9.9) 
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arrows 


relations b^ 2 ) 


i — > j 


[(Di,Dj) r ] + 


[-l-(D i ,D j ) r 


+ 


— y 





-1-(D ,D ) T 


i — ► 


-{Di,D ) T 





— > i 


[{Y K -D ,Di)r\ + 


\{Y K -D ,Di)r 





Table 1: The numbers of arrows in Qi and relations in R for the special McKay quiver Q PiP i. 



Note that this cycle is trivial in the Calabi-Yau case. Equipped with these definitions we can build 
the special McKay quiver whose data is summarised in Table [TJ for x G M, we use the notation 
[x]± = ± x for ± x > and [x]± = for ± x < 0. 

Throughout this section we will consider the explicit example of the A? 2 singularity with (p, p' ) = 
(7, 2) for illustration. Then M = M-j^ is the minimal resolution of C 2 /G where G = G-j^ acts on 
C 2 by {z\,Z2) ' ^ (C z i, ( 2 Zl i) with £ 7 = 1. The resolved geometry has two exceptional curves D\ 
and D2 characterized by the intersection matrix 



C 



1 



(9.10) 



[4, 2] . From this matrix one 
can easily compute the requisite intersection products in Table [T] corresponding to the matrices of 
the number of arrows b„-P and relations b- 2 ^ for i, j = 0, 1,2 with 



as the continued fraction expansion (4.16) in this instance reads I 




^3 0> 
and b (2) = I 3 

,0 1; 



(9.11) 



This construction gives the special McKay quiver with diagram 

2 



1 




whose ideal of relations is generated by the set 



R 



(9.12) 



a\ 0,2 — 05 a6 , as aj — a\ 03 a§ , 05 as — a% 03 a 7 , 04 a 3 — a6 as 
a 7 05 — a6 ai 03 , as as — 07 oj 03 , 02 ai — a 3 04 



}• 



(9.13) 



9.2 From McKay to special McKay quivers 

The special McKay quiver can also be obtained from the ordinary McKay quiver of G, by deleting 
nodes which do not correspond to special representations and modifying the ideal of relations 
suitably to set to zero any composition of arrows which passes through the removed node. Starting 
from the resolution M we can construct the McKay quiver in the usual way; this is the quiver whose 
vertices are labelled by the irreducible representations of G C GL(2,C). The main difference from 
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the ordinary McKay quiver is that the matrix of coefficients a a b, while still traceless, is no longer 
symmetric in general. For G = G pp i the fundamental representation is Q = p\ ® p p > (recall 
that p' = p — 1 recovers the A p _i du Val singularity). The tensor product representation again 
decomposes as 

Q® Pa= Pa+1 © Pa+p' , (9.U) 



while the determinant representation gives 

Pa = Pl+p' 



A 2 Q 



Pu 



-a+p 



(9.15) 



Each vertex labelled by a representation p has two incoming arrows, from the vertex p ® p\ and 
a p 2 from the vertex p® p p / . From this data we can construct the McKay quiver (Q P)P ', R) where the 
ideal of relations is generated by the set 



R 



L 2 L l 



(9.16) 



This construction realizes M = M P)P i as the moduli space of stable representations of the bound 
McKay quiver. One can prove [29] that (Q p y, R) is the complete bound quiver generated by the 
sections of the tautological bundles lZ a labelled by all irreducible representations of G, and that 
the corresponding path algebra is isomorphic to Endo M ( © ag g 7£ a ) • 

Let us consider again the example (p,p') = (7,2). The irreducible representations p a correspond 
to the characters ( a for a = 1, ... ,6, plus the trivial representation pq. Then the tensor product 
decomposition is 



Q® Pa= Pa+1 © Pa+2 



(9.17) 



Note that the matrix encoding the decomposition between representations and the intersection 
matrix have different rank, since the underlying resolution has only two exceptional curves. The 
McKay quiver 0^2 takes the form 

(9.18) 




With the conventions of [29j , to each representation p we can associate the tautological bundle 1Z P * 
which corresponds to the module (C 2 ® p*) G ■ To derive the special McKay quiver we keep only 
the special tautological sheaves, which in this case are 1Z p * =: £2 and !Z p * =: C\ corresponding 
respectively to the two exceptional curves D2 and D\, together with the trivial sheaf Co := Om- 
Removing the rest of the vertices gives rise to another sequence of arrows which come from the 
paths connecting the remaining vertices via the vertices that have been removed. For example, 
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removing the node corresponding to p4 yields the new quiver 




(9.19) 



and so on. The net result of this process is the special quiver generated by the sections 



of the special tautological sheaves Omi £i> £2; ^ coincides with (9.12) with the same ideal of 



relations (9.13). 



We can now construct the fine moduli space of ^-stable representations of the special McKay quiver 
^2(Qpp/,R); it is isomorphic to the minimal resolution of the C 2 /G singularity, i.e. the moduli 
scheme M = Hilbc(C 2 ) of G-clusters. Its path algebra A p y = CQ p y/(R) is isomorphic to the 
endomorphism algebra Ende> Af ( ® ig g where the sum runs over the special representations 

Pi £ G s . This algebra is isomorphic to a particular subalgebra of the path algebra of the McKay 
quiver, obtained by keeping only the special and trivial representations. We turn next to the study 
of this subalgebra. 



9.3 Reconstruction algebras 

To the special McKay quiver one can associate its path algebra; we wish to base the construction of 
the instanton moduli spaces on this algebra, which can be studied on its own to provide the necessary 
homological ingredients. This algebra was extensively studied in [99J for cyclic singularities and is 
called the reconstruction algebra A = A pp /. The reconstruction algebra has an abstract definition 
rooted in the representation theory of the discrete group G = G P:P > ; we will not need this abstract 
machinery and will regard A as the path algebra of the special McKay quiver. 

One of the ingredients we need is the global dimension of the reconstruction algebra. The geometric 



data of the resolution are encoded in the continued fraction expansion (4.16 ), which can be depicted 
in a decorated Dynkin diagram of type A as 

ai 0£2 • • • otm (9.20) 

As usual this diagram needs to be extended by adding a further node, labelled by 0, in order to 
obtain a diagram of affine type. To the affine diagram we associate its double quiver, obtained by 
adding a pair of arrows in opposite directions for each link. For every a; > 2 we then add ai — 2 
additional arrows from vertex i to vertex 0. This algebraic procedure gives precisely the special 
McKay quiver Q p y. In particular, the usual A- type McKay quivers are correctly obtained when 



all ai = 2; for the example (p,p') = (7,2) we recover again the quiver (9.12). The relations of 
this quiver can also be determined algebraically in an algorithmic way, which is however somewhat 
more involved; we will take them as given by the ideal of relations of the special McKay quiver. 
The corresponding reconstruction algebra A = A pp / has finite global dimension given by 

gui^P ^--1, ( , 21) 
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We will also need the explicit forms of the projective resolutions of the simple A-modules associated 
with the vertices labelled by a, for i = 0, 1, . . . , m. By |99t Thm. 6.17] it follows that if 1 < i < m 
then the simple module Dj has the projective resolution 

- P^i-i) ^ p.^ e p Q eK-2) p . +i ^ Pi ^ Di ^ ( 9 22 ) 

where Pj = e^A and throughout we use the convention i + m + 1 = i. On the other hand, for the 
affine node i = one has 



Q pMon-2) 
i=l 



pj(l+E™i(«r2)) 



Pi 



Dp 



(9.23) 

Note that the projective dimension of Dj is always two for i ^ 0, while Do generically has projective 
dimension three except when the singularity is of A-type, as expected. The explicit form of the 

maps between the modules can be found in |99j . Each term of these resolutions implicitly defines 

(p) 

the matrices b-^ for p = 1,2, since the projective resolutions of the simple modules already tell 



us the numbers of arrows and relations by reading off the dimensions using (3.2)-(3.3). For the 



non-zero numbers of arrows b 



D (1) 



(1) 



dh z we find 



,(1) 



'10 ~~ u m0 
S 2 ) - A2 



and 



ft; 



1 , 



(9.24) 



while the non-zero numbers of relations b^ - = dj i are given by 



bS ) = l + ^(a,-2) 



and 



(9.25) 



i=l 



for i 7^ 0. It is straightforward to check that these dimensions agree with those of Table [T] which 
were computed geometrically. However, from the resolution (9.23) we also find the non-vanishing 
dimension 



a i,0 



dimExtA (D , Dj) = on - 2 



(9.26) 



which implies that the special quiver Q p y has a non-trivial set of relations between relations. One 
can indeed check that 



dimEx4 M (O A (-l)[l],^ ; 



dimExt^ M (0 Dl (-l),0D o ) 

dim Hom 0jf {0 Do , Di (-l - {D , A)r)) = «i 



(9.27) 



where we have used Serre duality and borrowed some results from |100j . From the point of view 
of representation theory, the existence of non-trivial relations among relations is a consequence of 
the fact that the determinant representation /\ 2 Q is gene rally non-trivial for G C GL(2,C), and 
hence a non-zero set of integers b 



(3) 



d 3 i arises via (9.15 ). 



It is instructive at this point to consider the case of the cyclic Du Val singularities A v -\. In this 
case all Dynkin labels are ai = 2, the reconstruction algebra A PiP _i has global dimension two, and 

(3) (2) 

every representation is special; one has b,-- = and b •• = Oj,-. The projective resolutions should 
in this instance be compared with the basis S a of K C {M) consisting of complexes of holomorphic 
bundles which are exact outside the exceptional locus, given in (5.26) with a a 6 = <5 aj ;, + i + 8 a ,b-i- 
Each of these complexes follows from the projective resolutions (9.22)^(9.23) with on — 2 = 0. 



Being resolutions they are exact at each arrow except the rightmost one, which represents the 
corresponding exceptional curve Di] but outside this locus the sequence is exact at every arrow. In 
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this case the reconstruction algebra reduces to the preprojective algebra of the McKay quiver with 
zero deformation parameter, which is just the path algebra with the usual ideal of relations. 

Let us now go back to our previous example of the A-j^. singularity. Then we have the sequence 

_ P^s p 2 e p o es Ri ^ Di ^ (9 28) 

where the map pi is the scalar product with (04,06,07,03), while the image of the injective map 
P2 is the kernel 



ker pi = (a 3 , -a 5 , 0, 0)Pi + (0, a\ a 3 , -a 5 , 0)Pi + (0, 0, a\ a 3 , a 5 )Pi . 
Similarly we have 

> Pl ©2 p o 03 p 2 Ri _^ p Q Dq 







where the map qi is the scalar product with (01,05), while 



q2 



It follows that 



a 3 a 7 a 3 a 6 a 2 
a 8 -o 7 -a 6 



qiq2 = 



and 



q.3 



05 
-01 a 3 






-ai a 3 . 



ai a 3 a 7 - 05 ag 
ai a 3 a 6 - a 5 a 7 
ai 02 — as a6 



gives a subset of the relations (9.13|). Similarly 
q2q3 = : 



a 3 a 7 a 5 - a 3 a 6 ai a 3 a 3 a 6 a 5 - a 2 a\ a 3 
— a 8 05 + a 7 ai a 3 — a 7 as + a 6 oj a 3 



(9.29) 



(9.30) 



(9.31) 



(9.32) 



(9.33) 



gives a set of conditions which are independent from (9.32), but are automatically satisfied if one 
takes into account the full set of relations (9.13). 



9.4 Counting instantons 

We would like to propose that the homological structure that we have outlined should play a 
prominent role in the construction of the instanton moduli space on the varieties M = M pp i. 
Although a direct parametrization is plagued by some technical difficulties, we would nevertheless 
like to sketch now some arguments in support of such putative ADHM-type constructions on generic 
Hirzebruch-Jung surfaces. 

We have described a basis of K(M) given by the special sheaves Ci (including the trivial sheaf 
£0 = Om)- We can now construct a dual basis for K C (M), the Grothendieck group of bounded 
complexes of vector bundles over M which are exact outside the exceptional locus 7r -1 (0); in fact we 
have already done so in our discussion of the reconstruction algebras: The resolutions of the simple 
modules essentially represent the sheaves supported on the exceptional set that we are looking for. 
Define the complexes 

m m m 

r k ■ bg } C) — © bg> C) — © bg> C) — Cl (9.34) 

3=0 j=o j=o 
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for k = 0, 1, . . . , m, which give (conjecturally) a basis of K C {M) dual to the basis of bundles Ci in 
the sense that 

(&, Tj) K ■= / ch(A) A ch(7J) A td(M) = % . (9.35) 

JM 

There is a natural pairing on K C (M) given as before by 

(S,T) K c = (Z(S),T) K , (9.36) 
such that the pairing between two generators of K C {M) gives 



(T fc v , 7^ c = (Z(T? ) , Tj) K = £ (*« - b« + bjjj - bg } ) (A, 7^ =: C fcj . 



(9.37) 



i=0 



Remarkably, the matrix C = {Ckj) is precisely an "affine" extension of the intersection matrix of 
the Ap )P > singularity given as 



C 



■2 - {on - 2) a x - 1 a 2 - 2 

i=l 

«i — 1 — «i 

a 2 -2 1 



V 



OLm-l 








1 

OL<2 1 
1 





"m-l - 2 a m - 1 






\ 



1 



-OLr. 



(9.38) 



/ 



where as usual a, is the self-intersection number of the exceptional curve D{. When all Oj = 2, i.e. 
the resolution is crepant, we recover (minus) the affine Cartan matrix of the A- type singularities. 



In particular, the matrix (9.38) has zero determinant, while the intersection matrix (4.17) of the 
Ap tP > singularity has determinant equal to p. Therefore the two bases Ci and % play essentially 
the same role that the bases of sheaves lZ a and S a played for ALE spaces in |5.2| This is further 
exemplified by the fact that Ci form a basis of K{M) which generate the full derived category 
D(M). One can therefore try to adapt the standard Beilinson monad construction to the problem 
at hand. The object 



(9.39) 



is a resolution of the diagonal sheaf [59] . In the following we will attempt to use it to generalize 
Beilinson's theorem to arbitrary resolutions M = M, 



p,p'- 



To start, we need a practical way to compute the derived tensor product in (9.39); this is provided 
by [591 EI]. The idea is to consider the path algebra A = Endo M (W) of the special McKay 
quiver as a bimodule over itself and construct a projective resolution S* — > A of the form S k = 
0j a Aej ® V/j <8) ejA, where = Tor^(Mj, Mj) and Mi are A-modules. The form of the projective 
resolution in our case is derived directly from the individual projective resolutions of the simple 
modules of the path algebra A and of its opposite algebra A op . For this, let us introduce some 
notation. We define maps h,t : Qi =$ Qo which identify the head and tail vertices in Qo of each 
arrow a : t(a) — > h(a) in Qi. The set of functional relations written as paths in the quiver is denoted 
R; as the reconstruction algebra A has global dimension three, there is also a set of "relations among 
relations" RR C A. Then the projective resolution of the algebra A is |59l [2Tj 



(9.40) 
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where the individual terms are given by 

S 3 = Ae t( y r ) © [rr] © e h(rr )A , 



rreRR 



S 2 = Ae t(r) (g> [r] ® e h(r) A , 



reR 



S 1 = Ae t(a) 8) [a] ® e h(a) A 



aeQ 



S° = Aei ® [i] ® e;A , (9.41) 

«eQ 

and [rr], [r], [a] and [i] are one-dimensional vector spaces of "labels". After expanding the sums, 
these vector spaces act as multiplicity spaces encoding the numbers of relations and arrows between 
two vertices of the quiver. To go from the projective resolution of A to the resolution of 0a, one 
only has to pick the multiplicity spaces and replace the projective modules at vertices by special 
tautological bundles. Note that the sums in (9.41) are over relations, arrows, and vertices, and 
hence need to be re-expressed as sums over the line bundles. 

From this we infer that 

m 

P * 1 £y®bf®ptC j (9.42) 

i,j=0 



is a locally free resolution of Oa- It is given explicitly by 



£ ^) e(1+E * K ~ 2)) 



Co E3 (Clf^- 2) . m 

0Ai(A v ) 



1=1 



O a 



1=1 8=1 



£j £ti e (£ V ) ffi(Ql " 2) © d 



(9.43) 



In the case of du Val singularities, when all on = 2, this complex collapses to the expected resolu- 
tion 

{1Z M vy % A 2 Q*) G *- {KMK V ® Q*) G > {!ZMlZ y ) G > O a (9.44) 



from £5.3 where Q = C is the trivial bundle on which the regular representation of G = G PiP _i 
acts. This complex can be extended to the orbifold compactifictation of M by replacing the trivial 
bundle Q with the sheaf of differential forms Q which enters the Koszul complex, as explained 



in £5.3 



For our previous example of the Afp, singularity, if we write W = Om © £2 © £1 then the object 
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W Kl W v is E9 



Cm H (£? 2 ) 



2\V 



o m k(o® 3 ) 



3\V 



£ 2 B c\ 



d 2 



£2 B 



£il£ 2 v 



M SO 



AY 



£1 B£Y 



(9.45) 



£1 



where 



4 11 

J 2 ! 



t [2] 



\ 



and 



(a 



2 




J 11 

J 2 ! 





V 



-4 1] 4 1] 


[2] [1] 
■°1 °6 



a? 

[2] [2] 
4 4 

[2] 





4 11 

J 2 ! 





[2] [1] 



[2] [2] 
•°1 °3 
J2] 



-a [1] 
"5 


[2] 

4 


[2] 


[2] 

4 














[2] 

4 


-a [1] 


-a? 


-a [1] 



[2] [1] 



[2] „W 



[2] 

4 

-4 2 ' 
-4" 








[2] J2] 



-a 7 a 




-a^ a 



[2] „[2] 



[2] 

a 7 

4" 4" 
4" 





-a? a 



J2] 



W J 1 ] 



-a\ a 



[i] 



1 and a 



[2] 



(9.46) 



4 2| \ 
4" 
-4" 
-4 2 ' 





/ 

1 M a,. Note that the 



(9.47) 



while d3 is the kernel map; here we use the notation a 
[21 

maps a s are elements of the opposite quiver and their composition goes in the opposite sense. 

The problem encountered now is that one ends up with a resolution of the diagonal sheaf of 
M PtP i x M PtP i , while what is really required is a resolution of the diagonal sheaf of M PtP ' x M p y , where 
Mp^i is an "appropriate" compactification of M p p /. Presumably this compactification could be 
obtained by adding a certain stacky divisor at infinity of the form P 1 /G with the G-action suitably 
modified so that only special representations occur; this restriction on the boundary conditions of 
the instanton gauge field is possible since any irreducible representation of G can be expressed as 
tensor products of special representations. Furthermore, the reconstruction algebra A is generally 



not homogeneous and therefore not a Koszul algebra, hence the resolution (9.43) cannot be extended 
at infinity by gluing it with a Koszul resolution e.g. of P 2 xP 2 , as we did in the case of du Val 
singularities in £5.3 In other words, we do not know how to impose boundary conditions on the 
gauge theory in the general case. Such gluing problems do not arise in one-point compactifications 
of Hirzebruch- Jung spaces, see e.g. [22] . Carrying such an ADHM-type construction through would 
produce a description of the instanton moduli space analogous to that of Nakajima's quiver varieties, 
which could lead to interesting representation theoretic interpretations of the decomposition into 
regular and fractional instantons in terms of the special representations of the orbifold group G. 
Further impetus into the problems alluded to above could come from comparing the constructions 
of this section with the alternative monadic description of framed torsion free sheaves on Hirzebruch 
surfaces given in [9]; however, even in these parametrization in terms of explicit ADHM 

matrix data is still lacking. 
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